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NOTES AND COMMENTS

NOTE ON ULTRAMETRIC HIERARCHICAL
CLUSTERING ALGORITHMS

VLADIMIR BATAGELJ

UNIVERSITY EDVARD KARDEL]J
LJUBLJANA, YUGOSLAVIA

Milligan presented the conditions that are required for a hierarchical clustering strategy to be
monotonic, based on a formula by Lance and Williams. In the present paper, the statement of the
conditions is improved and shown to provide necessary and sufficient conditions.
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Milligan [1979] showed:
The hierarchical clustering strategy (a«;, o>, f, y) based on Lance and Williams [1967]
formula:

dijy = 0ydy; + az dy; + Pdiy + v | di — dyl (1)
is monotonic, i.e.,
Vdy;, dui, diy: dygy 2 dy; (2
if the following conditions hold:
() y=20V(y <O0A|y| <oy, ),

(i) min(ay, ;) =0, 3)
(i) oy +oy + =1

In this note we present an improved version of this theorem.
The hierarchical clustering strategy (a4, a, , §, y) based on Lance and Williams formula (1) is
monotonic iff the following conditions hold:

(l) ¥ = _min(ab 1’.!2),
(i) oy +a,=0, 4)
(i) oy +oay+p=1

Proof: The conditions (4) are sufficient: (4) = (2). Without loss of generality [because of the
symmetry of i and jin (1)], let:
dy; 2 dy;. (5)
Therefore:
dyap = aydiy + aa diy + Pdiy + 7| dy — dy;
= (o + V)i + (2 — y)dy; + Pdy;.
This work was supported in part by the Boris Kidri¢ Fund, Yugoslavia.

Requests for reprints should be sent to Vladimir Batagelj, University Edvard Kardelj, Department of Math-
ematics, Jadranska 19, 61 000 Ljubljana, Yugoslavia.

0033-3123/81/0900-3033 $00.50/0. 351
© 1981 The Psychometric Society.



352 PSYCHOMETRIKA

TABLE 1. Examples of solutions ( dpso dkj‘ dIj ) d“ 2 dkj 2 dij of inequality (7)
CASE (dki’dkj’djj)
1 -gMd,. + (a, - y)d
a, +y <0 d zmax(( ij 2 ki 5 d._. )
1 ki u: Ty kj
a, +a, <0 TR >max(‘-3 1 )d
1 2 ki ki o, a, * ij
a, +y z 0
a, +o, = 1]
d el xd..
o, +o, +8< 1 L ki il

From (4i) it follows &; + y > 0. Combining this with (5) we get:
diap = (g + 7 + 02 — P)dy; + Bdy;
i = (2 + oz)dy; + Bd;.
Again, from (4ii) a; + a, > 0 and by the nature of the hierarchical clustering procedure
that clusters together the two closest objects (clusters) at each step, d;; > d,;. This gives:
dyap = (0 + 0y + B);;,
and finally from (4iii) we get the desired result:
dl:[ij] = dij .
To prove that the conditions (4) are also necessary is a much longer, but routine, task.
The idea of the proof is the following: if the strategy (a,, @,, B, y) does not fulfill the
conditions (4), there exists at least one solution (d;;, d;;, d;;) of the nonmonotonicity
inequality:
dip < dij (6)
i.e, there exists a counterexample to monotonicity.

To carry out this idea we assume again that (5) holds. Then we can rewrite (6) as
follows:

(@1 + Py + (a2 — )y < (1 — P)d;. )]

Analyzing (7) we can see that the inequality (6) is solvable in all of the cases represented in
the Table 1, which form, under the assumption (5), exactly the complement of the con-
ditions (4).
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