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Abstract

This paperpresentswo newv developmentsfor partitioning networks.
Oneis the symmetric-agclic decompositiorof a network andthe otheris
a generalizelockmodelingapproacho establishsuchdecompositionsf
networks. Both are foundedin the Davis and Leinhardt(1972) formula-
tion of aranked clustersmodelasa theoreticalexpectationconcerningthe
structureof humangroupsand affect directedties. The actualmodelcan
be appliedin avariety of contets andwe illustratethe decompositiorand
generalizelockmodelingwith the marriagenetwork of noblefamiliesin
RagusgDubrovnik) for the 18th Centuryandearly 19th Century

1 Intr oduction

Onemajorgoal of socialnetwork analysisis to discernfundamentaktructure(s)
of networksin away that:

e allows usto know the structureand/or
¢ facilitatesour understandingf network phenomena.

The mostusedtool (blockmodeling)doesthis throughpartitioningnetworks ac-
cordingto well specifiedcriteria. Blockmodelingmethodswere establishedn
socialnetwork analysisto partitionunitsin a socialnetwork in termsof the struc-
tural information containedin their network ties. Hummonand Carley (1993)



shavedthe blockmodelinghasbeena majorfocusof network analysts.Methods
wereinvented,for example, CONCOR(Breiget Boorman,andArabie, 1975)or

adaptedrom extantclusteringmethodsfor exampleSTRUCTURE (Burt, 1976).
This initial work focusedon structuralequivalence(Lorrain and White, 1971)
whereunitsarestructurallyequvalentif they areconnectedo therestof the net-

work in identicalways. Subsequentvork, for exampleSailer(1978)andWhite

andReitz(1983),generalizedhis concepto regularequivalence Intuitively, two

unitsareregularly equialentif they areequivalentlyconnectedo equivalentoth-

ers. They have thesametypesof neighbors Furtherwork dealtwith automorphic
equialence(see for example,BorgattiandEverett,1992,andPattison,1988).

The partition of the units of a network into clustersgenerates blockmodel
wherethe(new) unitsaretheseclustersgcalledpositions.(SeeBorgattiandEverett
(1992)for alucid discussiorof thisconcept.)Thesetof tiesbetweenwo positions
formsablock. Thosetiesin ablock (i.e. betweenall unitsin the two positions)
areusedto construct- andtherebysummarize- the ties betweerpositions.The
image of a blockmodelis a matrix or pictorial representationf the ties between
positions.Commonto all of theseeffortsis the useof adefinitionof equvalence,
a partitioning of networks accordingto this equivalence,andthe useof a small
numberof established- within network analysis- clusteringalgorithms.

In this paperwe will restrictattentionto hierarchicablockmodelsvhereeach
level (clusterof units)in thehierarchyhasaspecificstructure:only symmetricties
areassumedOur purposenereis to proposehesymmetric-agclic decomposition
of networksasa new methodwhich complement®lockmodelingandvice versa.
The complementaryatureof thesetechnicalapproachemeanshey canbeused
togetherto delineatethe structure(spf network.

2 Acyclic Structures

Distilling someessentialdeasfrom Homans(1950),Davis andLeinhardt(1972)
formulatedtwo distinctstructuralfeaturesasgeneraldescriptionsof smallgroup
structuredor affective ties. Oneis the differentiationof thesegroupsinto cliques
(in the senseof a maximalcompletesubgraphWwhile the otheris the elaboration
of ranks. The social processegeneratinghesetwo structuralfeaturesreinforce
eachother As aresult,cliquesarefound at distinctlevels. A singleclique may
exist asthe soleoccupantof a level or multiple cliguescando so. In this case,
thereareno tiesbetweemmemberof thetwo cliques. Within cliques,every pair

of memberss linked by mutualties. Concerningcliquesat distinct levels, the
hypothesizedstructureis that therewill be asymmetricties directed‘up’ from

lower ranked cliquesto higherranked cliques. No asymmetricties are directed
‘down’ from higherranked cliquesto lower level cliques. Nor aretheremutual



Figurel: A ThreeLevel Acyclic Model

tiesbetweerunitsat differentlevels. The network usedhereis for relation’lik es’
andtheliking tiesbetweerunitsgo ‘up’. If therelationis ‘lik edby’ thentheties
would bedirecteddown’. Theagyclic requirements thatthesetiesgoin asingle
direction.

The ‘ideal’ modelusedby Davis and Leinhardt(1972) as an illustration of
theirrankedclusteramodelis shovnin Figurel with five positions(assubgroups)
andthreelevels. In the generalizatiorof the ranked clustersmodel, we do not
requiresubgroupgo be maximalcompletesubgraphsWe usetheterm‘position’
for the subgroupsn suchmodels. The highestranking positionis A with two
positions,B andC, in the secondevel andtwo positions,D and £ in the third
level.

We presenta new tool, calledthe symmetric-agclic decompositiormethod,
for verifying the presencegor not) of an agyclic structurecharacteristioof the
ranked clustersmodel. The networks considerederehave directedties. Theim-
ageof a‘pure’ rankedclusteramodelis anagyclic directedgraph.Any departures
from sucha structurearenot allowed.

Table 1 containsan examplethatis usedto illustrate the symmetric-agclic
decompositiordescribedn the next sectionand blockmodelingapproach.The
sign‘-’ represents 0. Theitalicized 1'srepresentiesthatareinconsistentvith a
symmetricstructuransideclustersandbold 1'srepresentiesthatareinconsistent
with the agyclic structure. Suchtiesfall into two cateyories. One concerndies
betweenblocks and the other concerngties within (diagonal)blocks. The ties
a — g, andi — ¢ belongto thefirst categgory andviolatetheacgyclic requirement.
Within the diagonalblocks,j — k&, o — n, andr — p violation the symmetry
requirementSeeFigure2.
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Figure2: Graphof the Relationin Table1



3 Establishing Symmetric-Acyclic
Decompositionsof Networks

LetUd = {x1,xo,...,2,} beafinite setof units The unitsarerelatedby binary
relation
RCUxU

which determines network
N = (U,R)

Thenetwork canberepresentetdy a graphwith unitsasvertices.
A clusteringC = {C4, Cy, ..., Ci}, whereC; C U areclustess, partitionsthe
relation R into blocks
R(CZ, C]) =RnN Cz X Cj

Eachsuchblock consistsof unitsbelongingto clustersC; andC; andall thearcs
leadingfrom clusterC; to clusterC;. If i = j, ablock R(C;, C;) is calleda
diagonalblock.

We saythataclusteringC overtherelationR is asymmetric-acycliclustering
iff

e all subgraphsnducedby clustersfrom C containonly bidirectionalarcs
(edge9; and

e eachclosedwalkin (i, R) is entirely containedn asingleclusterof C.

3.1 Ideal Structures

A relation R C U x U hasa symmetric-acyclidecompositior(S, Q) iff there
existrelationsS, @ C U x U suchthat

e (S,Q)isapartitionof R, SUQ = RandSNQ = 0,
e Sissymmetric,S = S—1, and
e Qisagyclicin (U, R),S*NQ * R* =1,

wherel = {(z,z) : x € U} is the identity relation, R* is the transitve and
reflexive closureof relation R, andtheoperationx denotegheproductof relations
Ry * Ry = {(z,y) : 3z : (xR1z A zRoy) }.

Theorem 1 If arelation R C U x U hasa symmetric-acyclicdecomposition
(S, Q) then
S=RNR*' and Q=R\S
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Figure3: A FourLevel Acyclic Graphfor Relationin Tablel1 andits HasseGraph

Thereflexive and transitiveclosule S* of relation S is an equivalenceelation,
equalto the strong connectivityrelationin (i, R). Leti{’ denoteghe factor set
U/S*. U'is asymmetric-acycliclustering Therelation— definedon/’ by

XCY=dre XdyeY :zQy
is acyclic.

If therelationshavnin Table1 hadOsinsteadof theitalicized 1sandthebold
1sit would have asymmetric-agclic decompositionAs such,it is anidealmodel
and we confineattentionto it in this section. The ideal modelfor this relation
is drawn on theleft in Figure 3 with six positions:C; = {a,b,c}, Co = {d, e},
Cs ={j,k,1},Cy={m,n, 0}, Cs ={f, g,h,i},andCs = {p, q, r, s}.

The cover relation =, analogoudo the Hasserelation of an ordet canbe
definedalsofor anagyclic relation by

C=C\C*C

where= denoteghetransitive closureof relation.

We obtain= from C by deletingeacharc (z, y) with the propertythatthere
existsa pathof lengthatleast2 from x to y.

Usingthe HassegraphH = (U, =) we candescribethe setX of all agyclic
clusteringswith symmetricclustersover R :

e theminimumnumberof clustersis equalto 1 + d, whered is the lengthof
thelongestpathin H;

¢ themaximumnumberof clusterss equalto card I’;



e card X = 1iff H isapath;

e eachk-clustering(partitioninto k& clusters)is determinedy a k-set(a set
with £ elementspf “compatibleindependenttVerticesof H.

Two verticesu, v € U’ areindependeniff they arenot connectedy apathin
H. A pairof setsX, Y C U’ is compatibleiff

=3z, 20 € Xy, 2 €Y i (21 T 1 Ayo T o)

All pairsof setsin a k-sethave to be compatible.The clustersare unionsof the
setscorrespondindo verticesfrom the setsof a k-set. We notethat,asa special
caseanasymmetridie down arankedclustersmodelleadsto anincompatibility.
For the idealizedrelation shovn in Table 1, the graphof the relationC is
presentedn the left sideof Figure3. To obtainthe HassegraphH (seetheright
sideof Figure3) two arcs(Cy, C1) (giventhe pathC,C>C;) and(Cs, C5) (given
the path C¢C,C5) have to be deleted. The longestpathin H haslength 3 and
thereforethe numberof levelsis 4. FromH we seethatthefollowing symmetric-
agyclic clusteringgwhereonly compatibleclusterscanbegroupedogetherkexist:

Cl = {C1,C,UCs,C3UCy, Cg}
C; = {C1,05,C3UC,UCs,Cs}
Ci = {C1,C2UCs,C1,C3UCg}
C; = {01,C,CUCs,C5UCs}
C} = {C1,C2UC5,C5,Cy, Cs}
Cy = {C1,Cs,C3,CiUCs,C}
C; = {C1,C,C5UC5,Cy, Cs}
C; = {C1,05,C3UCs,Cy, Cs}
C: = {C,Cy,C3UCy,C5,Cs}
CY = {C1,05,C5,Cy,C5,C6}

We canintroduce,in 3, anoperation
ClHCQE{ClmCQ:Cl € Cl,CQ € Cg}\{@}

For example
4 4 5
It is easyto verify that(X, M) is asemilattice(associatie,commutatve,idem-

potent,with anabsorptiorelement).
The semilatticeof clusteringdor our exampleis presentedn Figure4.
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Figure4: Semilattice

3.2 RelationsWithout a Symmetric-Acyclic
Decomposition

Therearesereralpossibleapproachet networksthatdonothave anexactranked
clustersstructure(andsoarenotideal).
Thesymmetric-agclic decompositionS, ) describedbore canbeimproved
by setting
S=RNR' and Q=R\S

where S replacesS in the definition of ). In the ideal casethis still produces
the asymmetric-agclic decomposition;but in the nonidealcaseit removes all
‘asymmetricerrors’from diagonalblocks.

3.2.1 DeletingArcs

This providesusefulinformationeventhoughR hasno symmetric-agclic decom-
position. Theset

A=35n(R\S)

givesusasymmetri@arcsinsidetheotherwisesymmetricclasse®f /. For Tablel,
A identifiesexactlythethreeasymmetridies,theitalicizedOs,within thediagonal
blocksA = {(4, k), (o,n), (r,p) }. If theonly violationsof the symmetric-agclic
assumptiorroncernegymmetrytheanalysisvould becomplete.In theexample,
@ is not agyclic andwe have to deletesomearcsto make it agyclic. Here,the
italicized 1s above the diagonalwould be locatedand deletedleaving an exact
model (with the violationsnoted). In general,however, the identificationof the
smallesinumberof violationsof agyclicity is notaneasyproblem.



3.2.2 lteration of the Symmetric-Acyclic Decompaosition

Also, we caniteratethe above decompositiorprocedureuntil we obtaina graph
without edges.
Letly := U, Ry := R andset; := 0. Thenrepeathefollowing steps:

e determinghesymmetricpartof R; (theedges)

S; = (Ri N Rz‘_l) \ qu;

e if noedgeexists,S; = (J, stopiterating,

e shrinksymmetriccomponentsproducinganew reducedyraph(¥;1, R;11)
determinedy:
uz'—l—l = Z/{Z/SZ*

Ri1:={(X,Y):dz € X3y €Y : zRy}
e increasdhecounterof stepsi := i + 1.

Theobtainedclusteringsarenestedandform ahierarchy)andall clustersare
strongly connected.If the final clusteringis not agyclic we make an additional
stepin which we factorizethe graphaccordingto strongconnectity. Thefinal
graphis the condensatiomf original network (Harary Norman,and Cartwright,
1965).

Thisproceduras implementedn Pajek—aprogramfor largenetwork analysis
(BatageljandMrvar, 1998).

3.3 GeneralizedBlockmodeling Approach

As a third approachgeneralizedblockmodelingcan be used. Blockmodeling,
asinitially proposedseeksto clustertogetherunits having substantiallysimilar
patternsof relationshipswith therestof the unitsof the network.

A blockmodelconsistsf structuresobtainedby identifying all unitsfrom the
sameclusterof the clusteringC. For anexactdefinitionof a blockmodelwe have
to be preciseaboutwhich blocksproduceanarcin thereducedgraphandwhich
do not. Here,thereducedgraphis the graphversionof the blockmodelandcan
be presentedlsoby arelationalmatrix, calledalsoanimage matrix.

Blockmodeling,asan empiricalprocedurejs basedon the ideathat unitsin
a network canbe groupedaccordingto the extentto which they areequvalent,
accordingto somemeaningfuldefinition of equivalence.Iln generalandwithout
surprise differentdefinitionsof equivalenceleadto distinct partitions. Two defi-
nitionsof equivalencevereextensvely treatedn thelastthreedecadesstructural
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Table2: Characterizationsf Typesof Blocks

null nul | all 0 (exceptmaybediagonal)
complete com | all 1 (exceptmaybediagonal)
row-regular | rre | eachrow is 1-covered

col-regular cre | eachcolumnis1 -covered
row-dominant| rdo | 3 all 1 row (exceptmaybediagonal)
col-dominant | cdo | 3 all 1 column(exceptmaybediagonal)
regular reg | l-coveredrowsandl-coveredcolumns
non-null one | J atleastonel

andregularequialence.An appropriategeneralizatiorof the equvalencedeais
onewhereeachblock, of a particularpartition, is free to conformto a different
equialenceidea. This led Batagelj(1997) and Doreian, Batagelj,and Ferligoj
(1994) to the definition of several typesof connectioninside and betweenthe
clustersasdifferenttypesof blocks. Someof themarepresentedn Table2. From
the definition of structuralequialenceit follows thattherearetwo basicblocks:
null andcomplete(Batagelj,Ferligoj,andDoreian,1992).Batagelj,Doreian,and
Ferligoj(1992)provedthatregularequivalenceproduceswo typesof blocks: null
andregular(seeTable?2).

Anotherblock type, introducedhere,is necessaryor the symmetric-agclic
decompositiorof networks. This is thesymmetridolock. A blockis symmetricif

Vz,y € C; x C; : (rRy & yRx)
Notethatfor nondiagonablocksthis conditioninvolvesapairof blocksR(C;, C;)
andR(Cj, C,L)
3.3.1 Formalization of Blockmodeling

Thepointof departuras, asbefore,anetwork with asetof units,/, andarelation
R C U x U. Let Z be a setof positionsor imagesof clustersof units. Let
u: U — Z denoteamappingwhich mapseachunit to its position. The clusterof
unitsC'(¢) with the samepositiont € Z is

C)y=p~'(t)={z €Ul : plx) =t}

Therefore
Clp) ={C(t):te Z}

is a partition (clustering)of the setof unitsi/.
A (generlized)blockmodels anorderedquadrupleV = (2, K, T, 7) where:
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Z is asetof positions;
e K C Z x Zisasetof connectiondbetweerpositions;

T is asetof predicatesisedto describethe typesof connectiondetween
clustersin anetwork; we assumehatnul € T;

A mappingr : K — T \ {nul} assigngredicateso connections.

A (surjectve) mappingu : U — Z determinesblockmodel M, of anetwork
N iff it satisfieghe conditions:

V(t,w) € K : m(t,w)(C(t),C(w))
and
V(t,w)e Zx Z\ K :nul(C(t), C(w))

Let ~ beanequialencerelationover{. It partitionsthe setof units{ into
clusters
[zl={yeU:z~y}

We saythat= is compatiblewith 7" or a T-equialenceover anetwork N iff
Ve,ye U, AT € T : T([z], [y])

It is easyto verify thatthe notion of compatibility for 7 = {nul, reg} reduces
to the usualdefinition of regular equivalence. Similarly, compatibility for 7 =
{nul, com} reducego structuralequivalence.

For a compatibleequivalencex the mappingu: x — [z] determinesa block-
modelwith Z = U/ ~.

3.3.2 Optimization

Theproblemof establishinga partitionof unitsin anetwork in termsof a selected
typeof equivalencds aspecialcaseof clustering problemthatcanbeformulated
asanoptimizationproblem:determinethe clusteringC* for which

P(C*) = min P(C)

whereC is a clusteringof a givensetof unitsi/, @ is the setof all feasibleclus-
teringsandP : ® — IR thecriterion function
Criterionfunction P(C) hasto be sensitve to selectedype of equivalence:

P(C) = 0 & C determinegnequialenceof the selectedype
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3.3.3 Criterion Functions

Oneof the possiblewaysof constructinga criterionfunctionthatdirectly reflects
theselectedypeof equivalenceas to measurehefit of aclusteringto anidealone
with perfectrelationswithin eachclusterand betweenclustersaccordingto the
selectedype of equivalence.

GivenaclusteringC = {C1,Cy, ..., Ci}, let B(C,, C,) denotethe setof all
idealblockscorrespondindo block R(C,, C,). Thentheglobalerrorof clustering
C canbeexpresseds

P(C) = in_d(R(C,,C,), B
(C) Cu,;veCBeé?é’?’C”) (R(Cu, C), B)

wherethetermd(R(C,, C,), B) measurethedifferencgerror)betweertheblock
R(C,, C,) andtheidealblock B. The functiond hasto be compatiblewith the
selectedype of equialence.

Givenasetof typesof connectiorl]” andablock R(C,, C,), C,,C, C U, we
candeterminghestronges{accordingo the orderingof theset7T) typeT which
is satisfiedhemostby R(C,,, C,). In this casewe set

T(1(Cu), u(Cy)) =T

Theobtainedoptimizationproblemcanbesolvedby local optimization,using,
for examplearelocationalgorithm(Batagelj,DoreianandFerligoj, 1992).

3.3.4 Pre-SpecifiedBlockmodels

The pre-specifieblockmodelingstartswith a blockmodelspecified,in termsof
substanceprior to an analysis Batagelj,Ferligoj, andDoreian(1998)presented
methodsvherea setof obseredrelationsarefitted to apre-specifiedlockmodel.
Given a network, a setof ideal blocksis selected,a reducedmodelis formu-
lated, and partitions are establishedoy minimizing the criterion function. The
pre-specifiedblockmodelingis supportedby the programMODEL 2 (Batagelj,
1996b).

In the example of the next section,the pre-specifiedblockmodelis agyclic
with symmetricdiagonalblocks. For examplefor a clusteringinto 4 clusters
symmetric-agclic type of modelscanbe specifiedn thefollowing way:

sym nul nul nul
nul,one| sym nul nul
nul,one| nul,one| sym nul
nul,one| nul,one| nul,one| sym
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In concreteanalysessymon the diagonal,andits subtypesiul andcom, usually
areadded.

In our discussiorthusfar, all errorsarealike in the sensdhatthey contritute
in thesamefashionto thetotalnumberof errors.Giventherankedclusteramodel,
it is possibleto arguethatsomeerrorsaremoreconsequentighanothers.Follow-
ing this logic, asymmetridies down from a higherto a lower level arethe most
serious.The computedcriterion function canincludehaving a higherpenaltyfor
theseties (e.g.,100). Asymmetrictieswithin clustersseemthe next mostimpor-
tanttype of error. The modificationto the criterion function can have a milder
penaltyfor theseties (e.g.,10). Finally, errorsin the blocksbelon the main di-
agonalcanbe specifiedasminor (e.g.,1). Thereforethe penaltymatrix for the
exampleabove canbethefollowing one

10 | 100 | 100 | 100
1 | 10 | 100 100
1 1 | 10 | 100
1 1 1 | 10

4 Applications

4.1 Constructed Example

If theinconsistenciewith theranked clustersmodelin therelationin Tablel are
not present,all methodsdelineatethe true structurecorrectly Also, if only the
violations of the symmetrycondition were present,all methodsare successful.
The (optimized)blockmodelcorrectlyreportsthe threeviolationsof the symme-
try conditionaserrors. In contrast,the presencef the violationsof the agyclic
conditionareconsequential.

With all of theinconsistencieshownn in Tablel in the data,the optimization
approacHhocatesthe clusterscorrectlyandreportsall of the 5 inconsistencieas
errors.Themodelspecificatiorandpenaltiesveredeterminedasdescribedn the
previous section. However, the symmetric-asymmetridecompositiorgoesnot
fareaswell. Thereasondgor this areevidentin Figure?2 representinghe network
from Table 1. Thesix clustersareseparatedn the figure andthe two line types
are distinguished. The thick lines represensymmetricties while the thin lines
represenasymmetricies (with the directionshawn). In the decompositionthe
algorithmestablishes$n the first step{j, &, 1}, {d, e} and{m,n, o} correctlyas
subsetsnternally connectedhroughmutualtiesandnot connectedn thatway to
ary otherunits. The remainingthreeclustersareidentified alsoasbeinglinked
internally throughmutualties. The presencef the mutualtie betweena and g
connectsthe cluster{a, b, c} to cluster{f, g, h,4)} andthe mutualtie between

14



i andg connectghe secondof theseclustersto {p, ¢, r, s}. Therefore,all three
clustersareconnectedvia symmetricties. Whenthe symmetriccomponentsare
shrunk, thereare only four units for the next iteration. As threeof them have
symmetrictiesthealgorithmendsaftersecondterationwith only two levels. The
first consistof cluster{, k£, [} andthesecondneof all otherunits.
Onemethodologicalnterpretationis thatthe optimizationapproachs robust
in the presenc®f violationsof theagyclic conditionwhile the symmetric-agclic
decompositions not. Thelatter procedureassumeperfectagyclic data.In con-
trast, the blockmodelingoptimizationconcedeghe presencef someerrorsand
reportspartitionswith errorsratherthanbe overly affectedby theerrors.

4.2 RagusanFamilies Marriage Network

KrivoSic (1990)collectednterestingdataaboutthepopulationof RagusgDubrovnik),
arepublicfor mostof its history He alsoconstructedwo matricesdescribingthe
marriagenetworks of the Ragusamoblefamiliesin the 16th centuryandin the
18thcentury(andthebeginningof 19thcentury).The matrix of marriagerelation
for the secondperiodis presentedn Table3. While thesedataaresimilar to the
well known Padgettmarriagenetwork for the elite Florentinefamiliesin the 15th
century they aredirectedandvalued.Menmarryingwomenandwomenmarrying
menaredistinguished Therelationin Table3 is ‘men marryingwomen'.

Ragusavassettledin 7th century asreportedoy Constantind?orphyrogenite,
by fugitivesfrom Epidaurumafterits destruction.Ragusavasfor a time under
Byzantineprotection becomingafreecommuneasearlyas12thcentury Ragusa
quickly grew into a free city-state. They prosperedinhinderedhanksprimarily
to their clever diplomag andgreatskill in balancingthe greatpowers,formally
recognizingandpayingtribute alternatelyto onethenanother Napoleon having
destryed the VenetianRepublicin 1797, put an endto the Republicof Ragusa
in 1806, which subsequentifcameunder Austrian control until the fall of the
Austro-Hungariam€monarchyin 1918.

TheRagusamobility evolvedin the12thcenturythroughthe 14thcenturyand
wasfinally establishedby statutein 1332. After 1332no new family wasaccepted
until thelargeearthquakin 1667.

In Ragusaall political power wasin the handsof male noblesolderthan18
years. They were membersof the GreatCouncil (Consiliummaju9 which had
thelegislative function. Every year 11 memberf the Small Council (Consilium
minug wereelected.Togethemwith a duke —who waselectedfor a periodof one
month— it hadboth executive andrepresentatie functions. The main power was
in the handsof the Senat(Consiliumrogatorun) which had45 memberslected
for oneyear

This organizationpreventedary singlefamily, unlike the Medici in Florence,

15



from prevailing. Neverthelesghe historiansagreethat the Soigo family wasall
thetime amongthe mostinfluential. For example:

e in the 17th century 50 % of dukesandsenatorsvere from the following
five families— Bona,Gondola,Goze,Menze,andSogo;

¢ in the18thcentury 56 % of senatorsverefrom five families— Soigo, Goze,
ZamagnaCabogaandGeoqi;

¢ in the last 8 yearsof Republic,50 % of dukeswere from five families:
Sogo, Goze,Gradis,Bona,andRagnina.

A majorproblemfacingtheRagusamoblefamilieswasalsothatby decreases
of their numbersandthe lack of noblefamiliesin the neighboringareas(which
were underTurkish control), they becamemore and more closelyrelated(1566
— “guasi tutti siamocongiontiin terzo et in quarto grado di consanguinitaet
affinita”) — the marriagesbetweenrelatves of only 3rd and 4th removes were
frequent.

4.2.1 Earlier Analyses

Batagelj(1996a)foundthatthe mostinfluentialfamilies,accordingto theindices
of centrality in the secondperiod(18thand19th century)wereSoigo, Bona,and
alsoZamagnaCena andMenze. He obtainedtwo basicclustersfor this period
by usingthe generalizedlockmodelingapproach:

Cluster 1. Basilio, Bona, Bonda, Caboga,Cena, Geogi, Ghetaldi, Gondola,
Goze,Gradi,Menze,Poza,SaracaSomgo, Tudisi,andZamagna.

Cluster 2: Bosdari,Bucchia,Natali, Pauli, RagninaResti,andSlatarich.

Theseconcclustercontainsall new families,acceptedftertheearthquak.

Thestructureobtainedby Batageljis anexampleof acenterperipherymodel.
Most marriagesvereamongthefamiliesof thefirst cluster therewasnomarriage
amongfamiliesof the seconccluster andtherewereonly few marriagedbetween
thetwo clusters.

4.2.2 Network Decomposition

In this sectiononly the Ragusarfamiliesmarriagenetwork of the secondperiod
is analyzed.Therelationalmatrix from Table3 wasbinarized.

By theagyclic decompositiorwith respecto strongconnecwity, threelevels
wereobtainedseeFigureb). In thefirstandthethird level only singlefamiliesare
present.The middle level consistsof a clusterC' with severalfamilies. The men
from the familiesof thefirst level choosewivesfrom the familiesof the second

16



Table3: RagusarNoble FamiliesMarriageNetwork, 18thand19th Century
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CBosdari>  CBucchia>  CPaui > Ragnina>  CResti O

Figure5: Acyclic Model of RagusarFamilies

level andthemenfrom thesecondevel chooseavivesfrom thefamiliesof thethird
level. It is worth noting that five families are sourcesin the network providing
husbandgo the large ‘middle’ clusterof families,amongwhich husbandgand
wives)circulate. Thesefamiliesare transmittes andtherearetwo familiesthat
aresinks

Theinternalstructureof the secondcluster(the middlelevel in Figure5) can
berevealedby theiterationof the symmetric-agclic decompositioomethod.The
symmetriccomponent®f the middleclusterC are:

e C; = { Bona,Bonda,CabogaCena, Goze,Gradi, Menze,Sogo, Zam-
agna}

e Cy, = { Ghetaldi,Saracag
e C; = { Basilio}

e C, = { Geoqgi }

e C; = { Gondola}

e (s = { Poza}

e C7 ={ Tudisi}
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Basilio

Figure6: The Graphof SevenFirst OrderSymmetricComponent®f the Middle
Cluster

CGeorgi >———_ €1’ >——Gondola>

Figure7: The Graphof ThreeSecondOrderSymmetricComponent®f the Mid-
dle Cluster
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Figure8: Acyclic-SymmetricDecompositiorof RagusarFamiliesNetwork

The graphof the seven (first order) symmetriccomponentgclusters)of the
clusterC is presentedn Figure6. This reducedgraphhasthree(secondorder)
symmetriccomponents:

g C{ = {017 027 037 067 07}
e C) ={Geogi}
e C} = { Gondola}

Their reducedgraph(seeFigure7) is a single symmetriccomponent.All three
stepsof the hierarchicaldecompositiorcanbe seenin Figure8.
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4.2.3 Blockmodeling Approach

Basedon threelevels network decompositiontwo pre-specifiednodelscan be
assumedThefirst oneis

nul,reg,sym nul nul
cre,rre nul,reg,sym nul
cre,rre cre,rre | nul,reg,sym

The secondpre-specifiednodelis similar to thefirst one. The only differenceis
thatthetype ‘reg’ is excludedfrom the diagonalelementgthis modelhasmore
preciselydefinedblocksin thelowertrianglethanin thegenerakasgrom Section
3.3.4):

nul,sym| nul nul
cre,rre | nul,sym| nul
cre,rre | cre,rre | nul,sym

Only the secondmodel is symmetric-agclic. The penaltiesin eachcell were
assumedn accordancevith Section3.3.4. For both modelsthe sameclustering
of familieswasobtained/compare~igure9):

Cluster 1: Natali, Slatarich.
Cluster 2: Basilio, Bona, Bonda, Caboga,Cena, Geogi, Ghetaldi, Gondola,
Goze,Gradi,Menze,Poza,SaracaSomgo, Tudisi, Zamagna.

Cluster 3: Bosdari,Bucchia,Pauli, RagninaResti.
The permutedoriginal relationalmatrix for this clusteringis givenin Table4.
The obtainedmodelsare

nul | nul | nul nul | nul | nul
cre | reg | nul and cre | sym | nul
nul | rre | nul nul | rre | nul

Thefirst onehasno errorsandin the secondonethereare28 errorsin themiddle
diagonalblock. Theseerrorsareproducedoy non-symmetridies.

For the clusteringswith larger numberof clusters(4, 5 or 6) the solutions
for thefirst modelhave no errors. All obtainedclusteringshave the samesecond
cluster Therearesomesplits,aswe canexpectfrom thetheoryof decomposition,
of thefirst and/orthethird cluster

Whenthe structureinside the clusterin one of the levels of the symmetric-
agyclic decompositions not clearly symmetricsomeothertypesof the structure
canbetestedby applyingthe blockmodelingapproacho this clusterseparately
In this caseanappropriatenodelshouldbe pre-specifiedAs theiterative decom-
positionis basedon the symmetriccomponent®f the clusterthe blockmodeling
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Table4: PermutedRagusarFamiliesMarriageNetwork, 18thand19thCentury
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approachis more appropriateto searchfor also other typesof structures(e.g.,
centerperipherystructure).

Using pre-specifielockmodelingon the subgraphinducedby the clusterC
thefollowing resultswereobtained:

e symmetric clusters model ({nul} on out-diagonaknd{com,syn} on the
diagonalwith penaltiesl) givesfor 7 clustersthe sameclusteringaswas
obtainedat thefirst stepof theiterative procedure;

e centerperiphery model ({nul,ong with penalty 1 on the out-diaginal,
{com} with penalty10 onthe diagonal,{nul} with penalty100 asthefirst
diagonalelement)givesthefollowing 4 clustersof C".

Periphery: Basilio, Bonda,Cena, Gondola,Gradi, Saraca,Tudisi, Zam-
agna.

Center 1. CabogaMenze.

Center 2. Bona,Geogi, Ghetaldi.

Center 3: Goze,Poza,Sogo.

which areconsiderealsoin the orderingof the secondclusterin Table4.

5 Discussion

The above analysesanall be locatedwithin the domainof blockmodelingin so
far asthey weredesignedo partition socialnetworks. However, several conclu-
sionscanbedrawvn from theseanalysesndareworth stressingOntheblockmod-
eling side,we emphasiz¢hattheanalysesveredonewith thegeneralizediersion
of blockmodelingandpre-specifiednodelswereused.Both represenmajor de-
parturedrom conventionalblockmodeling.Onthe symmetric-agclic side,thisis
anew methodthatforcesanalystgo look insidethe blocksof a blockmodel.

With the blockmodelingspecificationof the ranked clustersmodel,andnet-
works that do not fit exactly, attentionhasto be paid to asymmetricties within
diagonalblocksandthetiesthatviolatethe agyclic specification.The blockmod-
eling approactenablesusto weighteachtype of violation. It is alsoappropriate
whenthe network datado notfit theranked clusteramodelperfectly Ontheother
sidethe symmetric-agclic approachs very efficient for very large networks, but
is lessrobustto theviolationsof theagyclic assumptiorof themodels.

Finally, the symmetric-agclic decompositiormethodhasits origins firmly
in substance.It was a considerationof the ranked clustersmodel that lead us
to formulateboth the new block type andthe decompositioritself. This seems
very appropriatestheinitial formulationof blockmodelingvasalsogroundedn
theoreticakoncerns.
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All computationsvere done by programsPajek and MODEL 2 which are
freely availablefor noncommercialiseattheaddress:
http://vlado.fnf.uni-Ij.si/pub/networks.
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