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Networks
A networkN = (V,L,P,W) consists of

• a graphG = (V,L), whereV is the set of vertices andL is the set

of lines (links, ties). Undirected linesE are callededges, and directed

linesA are calledarcs. n = card(V), m = card(L)

• P vertex value functionsof properties:p : V → A

• W line value functionsof properties:w : L → B
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Cuts
• Thevertex-cutof a networkN = (V,L, p), p : V → IR, at selected

level t is a subnetworkN (t) = (V ′,L(V ′), p), determined by

V ′ = {v ∈ V : p(v) ≥ t}

andL(V ′) is the set of lines fromL that have both endpoints inV ′.

• The line-cutof a networkN = (V,L, w), w : L → IR, at selected level
t is a subnetworkN (t) = (V(L′),L′, w), determined by

L′ = {e ∈ L : w(e) ≥ t}

andV(L′) is the set of all endpoints of the lines fromL′.

• The line-cut at levelt is vertex-cut at the same level for

p(v) = max
u∈N(v)

w(v, u)

where we preserve only lines withw(e) ≥ t.
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Simple analysis using cuts
• After making a cut at selected levelt we look at the components of the

N (t). Their number and sizes depend ont. Usually there are many

small and some large components. Often we consider only components

of size at leastk and not exceedingK. The components of size smaller

thank are discarded as noninteresting, and the components of size

larger thanK are cut again at some higher level.

• The values of thresholdst, k andK are determined by inspecting the

distribution of vertex/line values and the distribution of component

sizes and considering additional knowledge on the nature of network

or goals of analysis.
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Cuts and islands

Sunbelt XXIV, May 12–16, 2004, Portorož, Slovenia ▲ ▲ ❙ ▲ ● ▲ ❙ ▲▲ ☛ ✖
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Vertex islands
• Nonempty subset of verticesC ⊆ V is vertex island, if

– the corresponding induced subgraphG|C = (C,L(C)) is connected,

and

– the values of the vertices in the neighborhood ofC are less than or

equal to values of vertices fromC.

max
u∈N(C)

p(u) ≤ min
v∈C

p(v)

• Vertex islandC ⊆ V is regular vertex island, if stronger condition

holds:

max
u∈N(C)

p(u) < min
v∈C

p(v)
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Some properties of vertex islands
• The sets of vertices of connected components of vertex-cut at selected

level t are regular vertex islands.

• The setHp(N ) of all regular vertex islands of networkN is complete

hierarchy:

– two islands are disjoint or one of them is subset of another one

– each vertex belongs to at least one island

• Vertex islands are independent on the values of vertices, only the

order according to their values is important. This means that we can

transform the values using any monotone increasing function, and the

islands remain the same.

• Two connected vertices cannot belong to two disjoint regular vertex

islands.
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Algorithm for determining maximal regular

vertex islands of limited size
• We sink the network into the water, then we lower the water level step

by step.

• Each time a new vertexv appears from the water, we check with which

of the already visible islands is connected.

• We join these islands and the vertexv obtaining a new (larger) island.

• These islands aresubislandsof the new island.

• Vertexv is port of the new island (the vertex with the smallest value).
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algorithm ...

islands := ∅
sortV in decreasing order according top

for eachv ∈ V (in the obtained order)do begin
island := newIsland()

island.port := v

island.subislands := {i ∈ islands : i ∩N(v) 6= ∅}
islands := islands ∪ {island} \ island.subislands

for each i ∈ island.subislands do i.regular := p(i.port) > p(v)

end
for each i ∈ islands do i.regular := true
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M. Zaveřsnik, V. Batagelj: Islands 9'

&

$

%

... algorithm

L := ∅
while islands 6= ∅ do begin

selectisland ∈ islands

islands := islands \ {island}
if |island| < min then deleteisland

else if|island| > max ∨ ¬island.regular then begin
islands := islands ∪ island.subislands

deleteisland

end
elseL := L ∪ {island}

end
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Simple vertex islands
• The set of verticesC ⊆ V is local vertex summit, if it is regular vertex

island and all of its vertices have the same value.

• Vertex island with only one local vertex summit is calledsimple vertex

island.

• The types of vertex islands:

– FLAT – all vertices have the same value

– SINGLE – island has only one local vertex summit

– MULTI – island has more than one local vertex summits

• Only the islands of typeFLAT or SINGLE are simple islands.
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Determining the type of vertex island

if |island.subislands| = 0 then island.type := FLAT

else if|island.subislands| = 1 then begin
selecti ∈ island.subislands

if i.type 6= FLAT then island.type := i.type

else ifp(i.port) = p(v) then island.type := FLAT

elseisland.type := SINGLE

end
else begin

for each i ∈ island.subislands do begin
ok := i.type = FLAT ∧ p(i.port) = p(v)

if ¬ok then break
end
if ok then island.type := FLAT

elseisland.type := MULTI

end
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Edge islands
• The set of verticesC ⊆ V is edge island, if it is a singleton (degenerated

island) or the corresponding induced subgraph is connected and there

exists a spanning treeT , such that the values of edges with exactly one

endpoint inC are less than or equal to the values of edges of the treeT .

max
(u ; v)∈L:
u∈C∧v 6∈C

w((u ; v)) ≤ min
e∈L(T )

w(e)

• Edge islandC ⊆ V is regular edge island, if stronger condition holds:

max
(u ; v)∈L:
u∈C∧v 6∈C

w((u ; v)) < min
e∈L(T )

w(e)
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Some properties of edge islands
• The sets of vertices of connected components of line-cut at selected

level t are regular edge islands.

• The setHw(N ) of all nondegenerated regular edge islands of network

N is hierarchy (not necessarily complete):

– two islands are disjoint or one of them is subset of another one

• Edge islands are independent on the values of edges, only the order

according to their values is important. This means that we can

transform the values using any monotone increasing function, and the

islands remain the same.

• Two connected vertices may belong to two disjoint regular edge islands.
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Algorithm for determining maximal regular edge

islands of limited size
• We sink the network into the water, then we lower the water level step

by step.

• Each time a new edgee appears from the water, we check with which

of the already visible islands is connected (there are exactly two such

islands).

• We join these two islands obtaining a new (larger) island.

• These islands aresubislandsof the new island.

• Edgee is port of the new island (not necessarily the edge with the

smallest value).
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algorithm ...

islands := {{v} : v ∈ V}
for each i ∈ islands do i.port := null
sortL in decreasing order according tow

for eache(u ; v) ∈ L (in the obtained order)do begin
i1 := island ∈ islands : u ∈ island

i2 := island ∈ islands : v ∈ island

if i1 6= i2 then begin
island := newIsland()

island.port := e

island.subisland1 := i1

island.subisland2 := i2

islands := islands ∪ {island} \ {i1, i2}
i1.regular := i1.port = null ∨ w(i1.port) > w(e)

i2.regular := i2.port = null ∨ w(i2.port) > w(e)

end
end
for each i ∈ islands do i.regular := true
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... algorithm

L := ∅
while islands 6= ∅ do begin

selectisland ∈ subislands

subislands := subislands \ {island}
if |island| < min then deleteisland

else if|island| > max ∨ ¬island.regular then begin
islands := islands ∪ {island.subisland1, island.subisland2}
deleteisland

end
elseL := L ∪ {island}

end
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Simple edge islands
• The set of verticesC ⊆ V is local edge summit, if it is regular edge

island and there exists a spanning tree of the corresponding induced

network, in which all edges have the same value as the edge with the

largest value.

• Edge island with only one local edge summit is calledsimple edge

island.

• The types of edge islands:

– FLAT – there exists a spanning tree, in which all edges have the

same value as the edge with the largest value.

– SINGLE – island has only one local edge summit.

– MULTI – island has more than one local edge summits.

• Only the islands of typeFLAT or SINGLE are simple islands.
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Determining the type of edge islands

p1 := i1.type = FLAT ∧ (i1.port = null ∨ w(i1.port) = w(e))

p2 := i2.type = FLAT ∧ (i2.port = null ∨ w(i2.port) = w(e))

if p1 ∧ p2 then island.type := FLAT

else ifp1 ∨ p2 then island.type := SINGLE

elseisland.type := MULTI

Sunbelt XXIV, May 12–16, 2004, Portorož, Slovenia ▲ ▲ ❙ ▲ ● ▲ ❙ ▲▲ ☛ ✖
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Example: The Edinburgh Associative Thesaurus
• The Edinburgh Associative Thesaurus is a set of word association

norms showing the counts of word association as collected from

subjects.

• The data were collected by asking several people to say a word which

first comes to their minds upon receiving the stimulus word.

• The network contains 23219 vertices (words) and 325624 arcs

(stimulus→response), including 564 loops. Almost 70% of arcs

have value 1.

• The subjects were mostly undergraduates from a wide variety of British

universities. The age range of the subjects was from 17 to 22 with a

mode of 19. The sex distribution was 64 per cent male and 36 per cent

female. The data were collected between June 1968 and May 1971.
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Example: The Edinburgh Associative Thesaurus
• We would like to identify the most important themes – groups of words

with the strongest ties.

• For each arc we determined its weight by counting, to how many

transitive triangles it belongs (we are also interested in indirect ties).

• There are 53 edge islands of size at least 5 and at most 30. They contain

664 vertices (all together).
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Selected themes in EAT

BIG

ENORMOUS

EXPANSE

HUGE

LARGE

MASSIVE

SCOPE

SIZE

SPACIOUS

SWELL

VAST

WIDE

BADMINTON

BALL

BALLSBASKETBALL

CHAMPIONSHIP

FIVES

FOOTBALL

GAME

GAMES

GOALIE

GYM

HOCKEY

NETBALLPLAYER

PLAYING

REFEREE

RUGBY

RUGGER

SHORTS

SOCCER

SPORT

TEAM

TENNIS

BACH
BEETHOVEN

CONCERTO

DANCE

FESTIVAL

JAZZ

MONOTONE

MUSIC

MUSICAL BOX

MUSICIAN

ORCHESTRA

PIANO

POP GROUP

RECITAL

RECORDS

SAXOPHONE

SING

SINGING

SONATA

SONG

SONGS

SOUNDS

TONE

TRUMPET

TUNE

VIOLIN

VOICES BICYCLE

BICYCLES

BIKE

BIKES

CAR

COACH

DRIVERS

LANE

LORRIES

MACHINES

MOBILE

MOTOR CYCLE

MOVING

PATH

RAILWAY

RAILWAYS

ROAD

ROADS

STOP

STOPPING

STREET
TRAIN

TRUCK

VAN
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Selected themes in EAT

ARM-CHAIR

ASLEEP

BED

BEDDING

BREATHLESS

COMFORT

COMFORTABLE
COSINESS

COUCH

COUCHES

COZY

CUSHION

DRESSING-GOWN

LOUNGING

MATTRESS

PILLOW-CASE

RELAX

RELAXATION

RELAXED

RELAXING RESTING

SLEEP

SLEEPING

SLEEPING BAG

SLUMBERS

TIRED

TIREDNESS

TIRING

UNCOMFORTABLE

CONTENTMENT

DEPRESSED

DESPAIR

DISAPPOINTMENT

DISTRAUGHT

ENJOYMENT

GRIEF

HAPPINESS

HAPPY
JOY

JOYFUL

LAUGH

LAUGHTER

MERRIMENT

MISERY

MISFORTUNE

MOOD

SAD

SADNESS
SORROW

UNHAPPINESS

AFRAID

ANGUISH

CURE

DEAD

DEATHDESPERATION
DIE

DIED

DISEASE

DOOM

FEAR

FEARED

HURT

ILL

ILLNESS

ILLS INFLICTION

LETHAL

PAIN

PAINFUL

PAINS

SICK

SICKLY

SUFFERING

TERROR

WORRY

EYES FORESEE

INSIGHT

OBSERVE
PERCEIVE

PERCEPTION

SEE

SEEING
SIGHT
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Selected themes in EAT

CLOTHE

CLOTHES

CLOTHING

CLOTHS

COAT

COSTUME

DRESS

FASHIONED

GARMENT

GARMENTS

SMOCK

SUIT

AMERICA

ARRIVE

COUNTRY

FARMS

FROM HOME

HOME

HOMELY

LEAVE

PLACE

REFUGE

RETURN

SENT

SHELTER

BEER

BEER-MUG

BRANDY

DRINK

DRUNK

DRY MARTINI

GIN

KEG BITTER

LEMONADE

LIQUOR

SIP

SIPPING

SPIRITS

WHISKEY

WHISKY

ABSORPTION

BATH

BATHROOM

BOAT

BOATS

BREAKWATER

BUBBLING

DRIFTING

DROWN

FLOATING

LAGOON

LAKE

LAKES

LEAKY

LIQUID

OCEAN

POND

PONDS
RIVER

RIVERS

SEA

SEAS

SEASCAPE

SEASIDE

SHIP

SHIPS

SINK

STREAM

WATER

WATERS
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Selected themes in EAT

AGAIN ALREADY

ANYWAY

AS

BUT

HAPPEN

HAPPENED

JUST

MEANWHILE

NEVERTHELESS

NOTWITHSTANDING

NOW

OFTEN

SOMETIME

SOON

THEREFORE

WHY

YET

BELIEVE

COINS

COULD

DEALER

DEFICIT

INCREASE

LOOT

MONEY

MONIES

MORE MONEY

NO

NOT

OFFER

PAID

PAY

PAYMENT

PLEASE

PROBABLY

PROPERTY

PROVIDE

RECEIPT

REFUSE

REPAY

STOLE

THRIFT

THRIFTY

UNPAID

ACTIVITY

EDUCATION

ENGINEERING

HOMEWORK

LEARNING

LECTURER

LECTURES

LESSONS

MATHS

RESEARCH

SCHOOL

SCIENCE

SCIENTIFIC STUDY

STUDYING

TEACHER

TEACHING

TRAINING

WORK

ADORABLE

ATTRACTIVE

BEAUTIFUL

BELOVED

BOSS

CHAIRMAN

CHARM

DELIGHTFUL

ELEGANCE

FLIRT

GIRL

HAIRY

INHUMAN

KINDNESS

LOVE

LOVELY

MAN

MYSTERIOUS NICE

POWERFUL

PROFESSION

RESPONSIBLE

SHAPELY
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Conclusions
• We proposed an approach to the analysis of networks that can be used

also for very large networks with millions of vertices and edges.

• Very large/small numbers that result as weights in large networks are

not easy to use. One possibility to overcome this problem is to use

the logarithms of the obtained weights – logarithmic transformation

is monotone and therefore preserve the ordering of weights (the

importance of vertices and edges). The transformed values are also

more convenient for visualization with line thickness of edges.

• Invitation: Saturday, May 15, 8:30–8:55, Hall 5,

Natǎsa Keǰzar, Simona Korenjak-̌Cerne, Vladimir Batagelj,

Analysis of US Patents Network
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