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Networks
A networkN = (V, L, P, W) consists of:

e agraphg = (V, £), whereV is the set of verticesd is the set of arcs,
£ is the set of edges, antl= £ U A is the set of linksn = card V),
m = card L)

e P vertex value functionspgroperties p: ¥V — A
¢ )V line value functions Weights w: £ — B

In November 1996 we started the developmerPajek — a program, for

analysis and visualization ¢dirge networks The latest version dPajek

Is freely available, for noncommercial use, at its home page:
http://vlado.fmf.uni-lj.si/pub/networks/pajek/

N /
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Large Networks

Large network — several thousands or millions of vertices.

Usually sparsen << n?; typical: m = O(n) orm = O(nlogn) .

Examples:
network size| n=|V| | m=|L| | source
ODLIS dictionary 61K 2909 18419 | ODLIS online
CitationsSOM 168K 4470 12731 | Garfield’s collection
Molecula 1ATN 74K 5020 5128 | Brookhaven PDB

Comput. geometry 140K 7343 11898 | BIBTEX bibliographies
English words 2-8 520K 52652 89038 | Knuth's English words
Internet traceroutes 1.7M 124651 207214 | Internet Mapping Project
Franklin genealogy 12M 203909 195650 | Roperld.com gedcoms
World-Wide-Web  3.6M | 325729 | 1497135| Notre Dame Networks

Actors 3.9M 392400| 1342595| Notre Dame Networks
US patents 82M | 3774768 | 16522438| Nber
Sl internet 38M | 5547916 62259968| Najdi Si

Two main approachestatisticsanddecompositions

/
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http://vlado.fmf.uni-lj.si/pub/networks/data/dic/ODLIS.zip
http://vax.wcsu.edu/library/odlis.html
http://vlado.fmf.uni-lj.si/pub/networks/data/cite/Kohonen.zip
http://www.garfield.library.upenn.edu/histcomp/index.html
http://vlado.fmf.uni-lj.si/pub/networks/data/PDB/1ATN.zip
http://www.rcsb.org/pdb/
http://vlado.fmf.uni-lj.si/pub/networks/data/ref/geom.zip
http://www.math.utah.edu/~beebe/bibliographies.html
http://vlado.fmf.uni-lj.si/pub/networks/data/dic/dic28.zip
ftp://labrea.stanford.edu/pub/dict/
http://vlado.fmf.uni-lj.si/pub/networks/data/large/chesweb.zip
http://research.lumeta.com/ches/map/
http://vlado.fmf.uni-lj.si/pub/networks/data/GED/franklin.zip
http://www.roperld.com/gedcom/
http://vlado.fmf.uni-lj.si/pub/networks/data/Large/WWW.zip
http://www.nd.edu/~networks/database/index.html
http://vlado.fmf.uni-lj.si/pub/networks/data/Large/Actors.zip
http://www.nd.edu/~networks/database/index.html
http://vlado.fmf.uni-lj.si/pub/networks/data/
http://www.nber.org/patents/
http://vlado.fmf.uni-lj.si/pub/networks/data/
http://www.najdi.si/
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Decompositions

The main goals in the design Bhjek are:

e to support abstraction by (recursive)
decompositiorof a large network into
several smaller networks that can b¢
treated further using more sophisti-

hierarchy

cated methods;

e to provide the user with some powerfull
@ visualizationtools;
local
_ e to implement a selection of efficient
reduction ) ) )
subquadrati@lgorithms for analysis of
cut-out context large networks.

With Pajek we can:find clusters (components, neighbourhoods of ‘important’ vertices,

cores, etc.) in a networlextractvertices that belong to the same clusters andwthem

/
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/ Cuts \

The standard approach to find interesting groups inside a network was based
on properties/weights — they can beasuredr computedrom network
structure (for example Kleinbergrsibs and authoritigs

Thevertex-cutof a networkN = (V, L,p), p : V — IR, at selected level
is a subnetworlN(t) = (V', L(V'), p), determined by the set

Vi={veV:p) >t}

andL(V") is the set of lines front that have both endpoints .

Theline-cutof a networkN = (V, £, w), w : V — IR, at selected levélis
a subnetworkN(t) = (V(L'), L', w), determined by the set

L' ={ee L :w(e) >t}

kandV(ﬁ’) IS the set of all endpoints of the lines frof. /
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Simple analysis using cuts

We look at the components d¥(¢).

Their number and sizes depend on Usually there are many small
components. Often we consider only components of size at keastl
not exceeding<. The components of size smaller thaare discarded as
'noninteresting’; and the components of size larger thaare cut again at
some higher level.

The values of thresholds k£ and K are determined by inspecting the
distribution of vertex/arc-values and the distribution of component sizep
and considering additional knowledge on the nature of network or goalg of
analysis.

We developed some new and efficiently computable properties/weights

N /
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The citation network analysis
started in 1964 with the paper of
Garfield et al. In 1989 Hummon
and Doreian proposed three
indices — weights of arcs that are
proportional to the number of
different source-sink paths passing
through the arc. We developed
algorithms to efficiently compute
these indices.

Main subnetwork (arc cut at level
0.007) of the SOM (selforganizing
maps) citation network (4470 ver-
tices, 12731 arcs).

Seepaper
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Cores and generalized cores
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Figure presents theg-core at level 46 of the collaboration network (7343 vertices, 11898
edges, edge weight counts the number of common works) in the field of computational

~

The notion of core was in-
troduced by Seidman in 1983.
Vertices belonging to &-core
have to be linked to at leat
other vertices of the core. A
very efficient algorithm exists
for determining cores.

The notion of core can be ex-
tended to other vertex func-
tions and for several of them
the corresponding cores can be
efficiently determined.
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/ Islands \

If we represent a given or computed value of vertices / lines as a height of

vertices / lines and we immerse the network into a water up to selected lgvel
we getislands Varying the level we get different islands. Islands are veny
general and efficient approach to determine the 'important’ subnetworks in
a given network.

We developed very efficient algorithms to determine the islands hierarghy
and to list all the islands of selected sizes.

\Seedetails /
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Using CRA S. Corman
and K. Dooley produced
o tNE REUters terror news

Islands - Reuters terror news

QO pakistani (O herald

Q organi}ation § boston

Cugaudi (T newspaper

. C A . network that is based on

Voo - e, all stories released dur-
A ing 66 consecutive days by
h e \ X%/ . the news agency Reuters
el cout War

S Qe CONCerning the September

/ o peca ‘V /“ 11 attack on the US. The

vertices of a network are
.cheye ne africa =
\ &\ 1 i words (terms); there is an
.‘\wyommg Mlorida i [ Ynew_yor Iste * . group

.<@ ey edge between two words
( conference american . .
o« Iff they appear in the same

] pfc

O ma br_giuliani
O landmark

barksdale

text unit. The weight of an
edge isits frequency. It has
. n = 13332 vertices and

m

243447 edges.

/

COSIN final meeting Salou, Tarragona, Spain; March 14-18, 2005 4 ) |3 P }D} |:| |:|



http://locks.asu.edu/terror/

V. Batagelj: (Nonstatistical) Analysis of Large Networks

10

//7

(5o =30 islandsRolex

21] 17 16
31] 12
4]
51
61
/1]
81

N

NOONPE
QCOOWWW

Islands — US patents

As an example, let us look &tbernetwork ofUS Patentslt has 3774768
vertices and 16522438 arcs (1 loop). We computed SPC weights in it gnd
determined all (2,90)-islands. The reduced network has 470137 vertices,
307472 arcs and for differeit Cy =187610,C5 =8859(5, =101,

1 0 139793 29670 9288 3966 1827 997 5/8 362 250
11] 190 125 104 71 47 37 36 33 21 23
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Island size distribution

10000
I

freq

100
I

size

COSIN final meeting Salou, Tarragona, Spain; March 14-18, 2005

<> H o POM [ [



V. Batagelj: (Nonstatistical) Analysis of Large Networks

5855814

5683624

5308538

4877547

4797228

4659502

4550981

4526704

4386007

4340498

4149413

4082428

C 3960752 2

3675987

2544659

Main path and main island of Patents

5016989

4877547 4820839 4832462

NBEmE
-

@770503 4797228
713190 4704220 4657695
] 36595029

@8s8150

T

.4195916 { @

oo D 07D
e T, @

COSIN final meeting Salou, Tarragona, Spain; March 14-18, 2005

12

4> Ao PR [] []



V. Batagelj: (Nonstatistical) Analysis of Large Networks

Table 1: Patents on the liquid-crystal display

Liquid crystal display

Table 2: Patents on the liquid-crystal display

Table 3: Patents on the liquid-crystal display

patent date [ author(s) and title patent date [ author(s) and ttle patent date [ author(s) and title
2541659 | Mar 13, 1951 | Dreyer. Dichroic light-polarizing sheet and the like and the 083797 [ Apr 11, 1978 [ Oh. Nematic liquid crystal compositions 1511044 | Apr 30, 1085 | Gunjima, et al. I-(Trans-d-alkylcyclohexyl)-2-(trans-T-(p-sub
formation and use thereof 4113647 | Sep 12, 1978 | Coat ystalline materials stituted phenyl) cyclohexyl)ethane and liquid crystal mixture
2682562 | Jun 29, 1954 | We et al. Reduction of aromatic carbinols 4118335 | Oct 3, 1978 stalline materials of reduced viscosity 4526704 | Jul 2, 1985 | Petrzilka, et al. Multiring liquid crystal esters
3322485 | May 30, 1967 5. Electro-optical elements utilazing an organic 4130502 | Dec 19, 1978 o alline cyclohexane derivatives 4550981 | Nov 5, 1985 | Petrzilka, et al. Liquid crystalline esters and mixtures
nematic compound 4149413 | Apr 17, 1979 | Gray, et al. Optically active liquid crystal mixtures and 4558151 | Dec 10, 1985 | Takatsu, et al. Nematic liquid crystalline compounds
3636168 | Jan 18, 1972 | Josephson. Preparation of polynuclear aromatic compounds liquid crystal devices c i 4583826 | Apr 22, 1986 | Petrzilka, et al. Phenylethanes
3666948 | May 30, 1972 vitz, et al. Liquid crystal termal imaging 4154697 | May 15, 1979 | Eider (‘hmk et al. Liquid crystalline hexahydroterphenyl 4621901 | Nov 11, 1986 t al. Novel liquid crystal mixtures
aving an undisturbed image on a disturbed bac 4630896 | Dec 23, Benzonitriles
3675987 | Jul 11, 1972 | Rafuse. Liquid crystal compositions and devices 4195916 | Apr 1, 1980 | Coates, al compounds 4657695 | Apr 14, L i i
3691755 | Sep 19, 1972 | Girard. Clock with digital display 4198130 | Apr 15, 1980 | Boller, et i L|quid crystal mixtures 4659502 | Apr 21, o 1 1
3697150 | Oct 10, 1972 ochi. Electro-optic systems in which an electrophoretic- 4202791 | May 13, 1980 | Sato, et al. Nematic liquid crystalline materials 4695131 | Sep 22, 1987 | Balkwill, et al. Disubstituted ethanes and their use in liquid
like or dipolar material is dispersed throughout a liquid 4229315 | Oct 21, 1980 | Krause, et al. Liquid crystalline cyclohexane derivatives ystal materials and devices
crystal to reduce the turn-off time 4261652 | Apr 14, 1981 al. Liquid crystal compounds and materials and 4704227 | Nov 3, 1987 | Krause, et al. Liquid crystal compounds
3731986 | May 8, 1973 | Fergason. Display devices utilizing liquid crystal light ontaining them 4709030 g Petrzilka, et al. Novel liquid crystal mixtures
modulation 4290900 Sep 22, 1981 | Kanbe. Ester compound 4710315 Schad, et al. Anisotropic compounds and liquid crystal
3767289 | Oct 23, 1973 | Aviram, et al. Class of stable trans-stilbene compounds, 4293434 | Oct 6, 1981 | Deutscher, et al. Liquid crystal compounds mixtures therewith
some displaying nematic mesophases at or near room 4302352 | Nov 24, 1981 | Eidenschink, et al. Fluorophenyleyclohexanes, the preparation 4713197 | Dec 15, 1987 | Eidenschink, et al. Nitrogen-containing heterocyclic compounds
temperature and others in a range up to 100°C thereof and their use as (Umpunultb of liquid crystal dielectrics 4719032 | Jan 12, 1988 | Wachtler, et al. Cyclohexane derivatives
3773747 | Nov 20, 1973 | Steinstrasser. Substituted azoxy benzene compounds 4330426 | May 18, 1982 | Eidenschink, et al. Cyt biphenyls, their preparation and 4721367 | Jan 26, 1988 | Yoshinaga, et al. Liquid crystal
3795436 | Mar 5, 1974 | Boller, et al. Nematogenic material which exhibit the Kerr T o Gt i e((loup(\ca] display elements 4752414 | Jun 21, 1988 | Bidenschink, et al. ing heterocyclic compounds
effect at isotropic temperatures 4310498 | Jul 20, 1982 | Sugimori. Halogenated ester derivative 4770503 | Sep 13, 1988 | Buchecker, et al. Liquid crystalline compounds
3796479 | Mar 12, 1974 | Helfrich, et al. Electro-optical light-modulation cell 4349452 | Sep 14, 1982 | Osman, et al. (‘vdoho clohexanoates 4795579 Jan 3, 1989 | Vauchier, et al. 2,2"-difluoro-4-alkoxy-4’-hydroxydiphenyls and
utilizing a nematogenic material which exhibits the Kerr 4357078 | Nov 2, 1982 | Caur, et al. Liquid crystal compounds containing an alicyclic their derivatives, their production process and
effect at isotropic temperatures ring and exhibiting a low dielectric anisotropy and liquid their use in liquid crystal display devices
3872140 | Mar 18, 1975 | Klanderman, et al. Liquid crystalline compositions and crystal materials and devices incorporating such compounds 4797228 | Jan 10, 1989 | Goto, et al. Cyclohexane derivative and liquid crystal
method 4361494 | Nov 30, 1982 | Osman, et al. Anisotropic cyclohexyl cyclohexylmethy cthers composition containing same
3876286 1975 | Deutscher, et al. Use of nematic liquid crystalline substances 8135 | Jan 11, 1983 | Osman. Anisotropic compounds w i 4820839 | Apr 11, 1989 | Krause, et al. Nitrogen-containing heterocyclic esters
3881806 6, 1975 | Suzuki. Electro-optical display device DC-anisotropy and low optical anisotropy 4832462 | May 23, 1989 | Clark, et al. Liquid crystal devices
3891307 4, 1975 | Tsukamoto, et al. Phase control of the voltages applied to 4386007 | May 31, 1983 | Krause, et al. Liquid crystalline naphthalene derivatives 4877547 | Oct 31, 1989 | Weber, et al. Liquid crystal display clement
opposite electrodes for a cholesteric to nematic phase 4387038 | Jun 7, 1983 (Trans-4"-alkylcyclohexyl) benzoic acid 4957349 | Sep 18, 1990 | Clerc, et al. Active matrix screen for the color display of
transition (lisp y iphenylyl esters television pictures, control system and process for producing
3947375 | Mar 30, 1976 iqui ral materials and devices 4387039 | Jun 7, 1983 (trans-4-alkyleyclohexyl)-cyclohexane said screen
3954653 | May 4, 1976 stal composition having high dielectric nobiphenyl ester 5016988 | May 21, 1991 | Limura. Liquid crystal display device with a birefringent
mnso'rop» and (ll&ph\ device incorporating same 4400293 | Aug 23, 1983 > ; st ohexylphenyl derivatives compensator
3960752 | Jun 1, 1976 | Klanderman, et al. Liquid crystal compositions 4415470 | Nov 15, 1983 | Eidenschink, et al. Liquid talline fluorine-containing 5016989 | May 21, 1991 | Okada. Liquid crystal element with improved contrast and
3975286 | Aug 17, 1976 | Oh. Low voltage actuated field effect liquid crystals cyclohexylbiphenyls and dielectrics and electro-optical display brightness
compositions and method of synthes elements based thereon 5122205 | Jun 16, 1992 | Weber, et al. Matrix liquid crystal display
4000084 | Dec 28, 1976 et dl qumd crystal mixtures for electro-optical 4419263 | Dec 6, 1983 | Pracfcke, et al. Liquid erystalline cyclohexylcarbonitrile 5124824 | Jun 23, 1992 | Kozaki, et al. Liquid crystal display device comprising a
 dev rcmrzl;mou compensation layer having a maximum principal
4011173 | Mar 8, 1977 ser. Modified nematic mixtures with 4422951 | Dec 27, 1983 et al. Liquid crystal benzene derivatives refractive index in the thickness direction
positive dielectric anisotropy 4455443 | Jun 19, 1984 u, et al. Nematic halogen Compound 5171469 | Dec 15, 1992 | Hittich, et al. Liquid-crystal matrix display
4013582 | Mar 22, 1977 | Gavrilovic. Liquid crystal compounds and electro-optic 4456712 | Jun 26, 1984 | Christie, et al. Bismaleimide triazine composition 5283677 | Feb 1, 1994 | Sagawa, et al. Liquid crystal display with ground regions
devices incorporating them 1460770 | Jul 17, 1984 | Petrzilka, et al. Liquid crystal mixture between terminal groups
4017416 | Apr 12, 1977 | Inukai, et al. P-cyanophenyl 4-alkyl-4'-biphenylcarboxylate, 4472293 | Sep 18, 1984 | Sugimori, et al. High temperature liquid crystal substances of 5308538 | May 3, 1994 | Weber, et al. Supertwist liquid-crystal display
method for preparing same and liquid crystal compositions four rings and liquid crystal compositions containing the same 5374374 | Dec 20, 1994 | Weber, et al. Sup ystal display
using same 4472592 | Sep 18, 1984 | Takatsu, et al. Nematic liquid crystalline compounds 5543077 | Aug 6, 1996 | Rieger, e 1 composition
4029595 | Jun 14, 1977 | Ross, et al. Novel liquid crystal compounds and electro-optic 4480117 | Oct 30, 1984 | Takatsu, et al. Nematic liquid crystalline compounds 5555116 | Sep 10, 1996 | Ishikawa, et al. Liquid crys splay having adjacent
devices incorporating them 4502074 | Mar 5, 1985 Suglmun et al. High temperature liquid-crystalline ester electrode terminals set equal in length
4032470 | Jun 28, 1977 | Bloom, et al. Electro-optic device compounds 5683624 | Nov 4, 1997 | Sekiguchi, et al. Liquid crystal composition
4077260 | Mar 7, 1978 | Gray, et al. Optically active cyano-biphenyl compounds and 4510069 | Apr 9, 1985 | Eidenschink, et al. Cyclohexane derivatives 5855814 | Jan 5, 1999 | Matsui, et al. Liquid crystal compositions and liquid crystal
i tal materials containing them display elements
4082428 | Apr 4, 1978 al composition and method
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Triangular connectivity and triangular networks
u

A
P e

O . . .
We can assign to a given graphraangular net-
O workin which every line of the original graph gets
as its weight the number of triangles that contain
O it. The triangular weights provide us, combined
with islands, with a very efficient way to identify
. dense parts of a graph.

These notions can be generalized to short cycle connectivitypéees).

N /
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collaboration graph
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Edge-cut at level 16 of triangular network of Erdos
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Edge-cut at level 11 of transitive network of ODLIS
dictionary graph
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Islands — The Edinburgh Associative Thesaurus

n = 23219, m = 325624, transitivity weight
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4 N

Pattern searching

If a selectedhatterndetermined by a given graph does not occur frequently
In a sparse network the straightforward backtracking algorithm applied for

pattern searching finds all appearences of the pattern very fast even in|the
case of very large networks. Pattern searching was successfully applied to
searching for patterns of atoms in molecula (carbon rings) and searchinEfor
relinking marriages in genealogies.

Three connected relinking marriages in the
genealogy (represented as a p-graph) of ra
gusan noble families. A solid arc indicates
the_is a son of_relation, and a dotted arc
indicates the_ is a daughter of_ relation.

Michael/Zrieva/ Junius/Georgio/ Nicola/Ragnina/ Marinus/Zrieva/
Francischa/Georgio/ Anucla/Zrieva/ Nicoleta/Zrieva/ Maria/Ragnina/

i Junius/Zrieva/ Lorenzo/Ragnina/

Damianus/Georgio/ { Margarita/Bona/ Slavussa/Mence/

Legnussa/Babalio/

Nicolinus/Gondola/ v

FranussafBona/®. ) sarachingonay In all three patterns a brother and a sister
from one family found their partners in the
N oo oy  Marnusigonas same other family.

N /
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