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Standard matrix multiplication

Cnxm = Anxk * Brxm

K
Cij = ) ik - b
k=1

for :I=1to N do
for j:=1to M do begin
s :=0;
for ki=1to K do s := s+ a;  * by ;;
Cij ‘=S,
end;

ComplexityO(N - K - M).

N /
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4 N

Fast sparse matrix multiplication

for k:=1to K do
for i € N, (k) do
for j € NZ (k) do
If dc; ;thenc; ; :=c; j + a;k * by ;
elsenewc; ; := a; x * b

N, (k): input neighbors of vertek in network A
N (k): output neighbors of vertek in network B

In general the multiplication of large sparse networks is a 'dangerous’
operation since the result can 'explode’ — it is not sparse.

N /
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/ Complexity of fast sparse matrix multiplication \

A and B matrices of directed networkS 4 = (N, K, A4) andNg =
(’C7M7AB)-

Assume that the body of the loops can be computed in the constant.time
Then the complexity of product is

C:S: S: Z c:c-ZindegA(k)-outdegB(k)

kEK jeN (k) jENL (k) kek

Let AZ = maxpex indeg (k) andAB, =
consider the well known equality

Z indeg 4 (k Z outdeg 4 (k) = |A4]

= maxyci outdeg (k) and

ke 1eN
We getC < c-min(|A4| - AZ ., |Ag| - AZ).
If at least one of the sparse netwoiKs; andlN g has small maximal degree
kthen also the resulting product netwdX: is sparse. /
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More detailed complexity analysis

Letd,,in (k) = min(indeg 4 (k), outdeg z(k)), Amin = Mmaxkeic dmin(k),
dmae (k) = max(indeg 4 (k), outdegz(k)),

K = {k e KC: dmaw(k) c O(n)} andCq = K \ Kr .
ThenC =c- ), . indeg, (k) - outdegg (k) =

=c- ( Z indeg 4 (k) - outdeg g (k) + Z indeg 4 (k) - outdegg(k))

keKr, keks
<c- ('n/ : Z dmzn<k) =+ Amz’n min( Z indegA(k)a Z OUtdegB(k)))
ke, keks keKs

<c-Apin- (- |Kp|+min(|A4l, |AB]|))

If for the sparse network® 4 andIN  the quantities\,,,;,, and| | are
small then also the resulting product netwd¥k: Is sparse. /
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basic relationships:

Kin Type English Type
P Parent

F Father

M Mother
Child

D Daughter

S sSon
Sibling

Z Sister

B Brother
Spouse

H Husband

W Wife

@mily, Bouchards

/ Example: Kinship relations \

Anthropologists typically use a basic vocabulary of kin types to represgnt
genealogical relationships. One common version of the vocabulary fo

The genealogies are usually describedsiaDCOM format. Examples

N

/
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N

m-grandmother -grandfather

.
.
Ry

.- mother . _

sister-in-law brother

son-in-law

daughter-in-law son

3
A

grandson

f-grandfather ,+"

Ore-graph

f-grandmother
stepmother

sister

daughter

~

In Ore-graph every person is repre-
sented by a vertex, marriages, rela
tion _ is a spouse of_, are repre-
sented with edges and relationss

a mother of _ and _ is a father

of _ as arcs pointing from parents
to their children.

/
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4 N

p-graph
S In p-graph vertices represent indi-
viduals or couples. In the case thaf
a person is not married yet (s)he ig
son & daughtrnaw o naeaane  fEPresented by a vertex, otherwisg
" person is represented with the partf
‘ ner in a common vertex. There are
@ sise o e e only arcs in p-graphs — they point
" from children to their parents, rep-
. resenting the relationBiC _ is a
e "R v daughter of _ andMiC _is a son
" of _; whereFiC = femalein the
couple; andMiC = male in the

174

EY
@ f-grandfather & f-grandmother @ m-grandfather & m-grandmothe CO u p I e .

N /
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4 N

Calculating kinship relations

Pajek generates three relations when reading genealogy as Ore graph:
F. _is afather of _
M: _is a mother of_

E: _is a spouse of

Additionally we must generate two binary diagonal matrices, to distingujsh
between male and female:

L: _isamale_ / 1-male, O-female

J: _is afemale_ / 1-female, O-male

N /
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_is a parent of_
_isachild of _
_isason of_

_is a daughter of_
_1s a husband of_
_is a wife of _

_is asibling of _
_1s a brother of _
_Is a sister of_
_is an uncle of _
_isan aunt of _
_is asemi-sibling of_

_is a grand mother of_
_isaniece of_

N

L ONTIQITOKnAN

Ge

Mo
N1

/ Derived kinship relations \

Other basic relations can be obtained using macros based on identities

and using them other relations can be determined

FUM

PT

L«+xC
Jx C
LxFE
Jx F
(FY s« FYyn(M* « M)\ I
L+G

J *x G
Bx P
Zx P

(PT xP)\ I

M x P
D x

/
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4 N

Relative sizes of kinship relations in genealogies
Kin Type Turks Ragusa Loka Silba Royal
P-Parent 1.000 1.000 1.000 1.000 1.000
F-Father 0.514 0.532 0.504 0.519 0.540
M-Mother 0.486 0.468 0.496 0.481 0.460
C-Child 1.000 1.000 1.000 1.000 1.000
D-Daughter 0.431 0.384 0.480 0.469 0.427
S-Son 0.569 0.616 0.520 0.531 0.573
G-Sibling 1.250 0.943 1.019 0.811 0.767
Z-Sister 1.135 0.746 0.983 0.760 0.707
B-Brother 1.366 1.140 1.055 0.861 0.828
E-Spouse 0.205 0.215 0.208 0.230 0.306
H-Husband 0.205 0.215 0.208 0.230 0.306
W-Wife 0.205 0.215 0.208 0.230 0.306
U-Uncle 1.920 1.789 1.200 1.181 0.927
A-Aunt 1.750 1.143 1.190 1.097 0.798
Ge-Semi-sibling 1.473 1.155 1.128 0.932 0.905
n 1269 5999 47956 6427 3010
mE = Spouse 407 2002 14154 2217 1138
mA = Parent 1987 9315 68052 9627 3724

N /
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/

Product of temporal networks

following lines (to be elaborated):

the time span ofi; 1, ...) :

S =T NTk ;

if S # () then begin
if 7;;\ S # 0thenc; ;[T;; \ 5] := ¢ ;|Ti;];
if S\T;; #0thenc; ;[S\T; ;] = air*bx;
¢ ;|S] = ci; + a;k * b

end;

N

The notion of product can be extended to temporal networks along th

The expression; ; := c; ; + a; 1 * b ; Should be replaced by{ , denotes

~

et

/
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4 N

The subset of vertice§' C V is a(p,g)-corein a bipartite (2-mode)
network N = (Vq,Vo; L),V = V3 U V5 iff

Bipartite cores

a. in the induced subnetwork’ = (Cy,Cy; L(C)), C1 = C NV, Cy =
C' NVyitholdsvVu € C : degy(v) > pandvv € Cy : degy(v) > g ;

b. C is the maximal subset df satisfying conditiora.
Properties of bipartite cores:

e ('(0,0)=V

e K (p,q) is not always connected

o (p1 <p)A (1 <q2) = C(p1,q1) € C(p2,q2)

e C={C(p,q) : p,q € N}. If all nonempty elements af are different

k it is a lattice. /
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/

Algorithm for bipartite cores

procedure can be used:

repeat

until no vertex was deleted

It can be implemented to run i@ (m) time.

e n1 + no < selected threshold

N

To determine &p, q)-core the procedure similar to the ordinary core

remove from the first set all vertices of degree less than
and from the second set all vertices of degree lessg¢han

Interesting(p, ¢)-cores? Table of cores’ characteristics = |C1(p, q),
no = |Cs(p, q)| andk — number of components i (p, q):

e big jumps fromC(p — 1,q) andC(p,q — 1) to C(p, q).

~

/
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1
2
3
4
5
6
!
8
9
10
11
12
13
14
15
16
17
18
19

20

kZl

Table (p, ¢ : nq,no) for Internet Movie Database

1590:
516:
212:
151:
131:
115:
101:
88:
77
69:
63:
56:
50:
46:
42:
39:
35:
32:
30:
28:
26:

1590 1 | 22

788 3| 23
1705 18 | 24
4330 154 | 25
4282 209 | 26
3635 223 | 27
3224 244 | 28
2860 263 | 29
3467 393 | 30
3150 428 | 31
2442 382 | 32
2479 454 | 33
3330 716 | 34
2460 596 | 35
2663 739 | 36
2173 678 | 37
2791 995 | 38
2684 1080 | 39
2395 1063 | 40
2216 1087 | 41
1988 1087 | 42

24: 1854 1153 | 43 14: 29 83
56 | 44 14: 29 83

23:
23:
22:
22:
22:
20:
20:
19:
19:
19:
18:
18:
18:
17:
16:
16:
16:
15:
15:
15:

47
34
42
31
31
36
35
35
35
34
34
34
33
33
33
30
29
29
28
28

39
53
38
38
53
52
59
59
57
62
62
61
65
75
73
/70
77
/6
/6

45
46
47
48
49
50
51
52
53
54
95
56
57
58
59
60
61
62
63

13:
13:
12:
12:
12:
11:
11:
11:
10:
10:
10:
10:

30
29
29
28
26
27
26
16
35
35
34
34
35
33
33
32
31
31
31

95

94
101
100

95
111
110

79
162
162
162
162
187
180
180
178
177
177
202

~

/
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(247,2)-core and (27,22)-core
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IMDB: n; = 428440, ny = 896308, m = 3792390.

Taylor, Scott (IX)
Van Dam, Rob
Matthews, Darren (I1)
LoMonaco, Mark
Hughes, Devon
Huffman, Booker
Heyman, Paul
Hebner, Earl
McMahon, Stephanie
Keibler, Stacy
Wight, Paul
Simmons, Ron (1)
Senerca, Pete
Ross, Jim (l1I)
Rock, The

Reso, Jason
McMahon, Vince
McMahon, Shane
Martin, Andrew (Il)
Levesque, Paul Michael
Layfield, John
Lawler, Jerry
Jericho, Chris
Jacobs, Glen
Hardy, Matt

Hardy, Jeff (1)
Gunn, Billy (I1)
Guerrero, Eddie
Copeland, Adam (1)
Cole, Michael (V)
Calaway, Mark
Bloom, Matt (1)
Benoit, Chris (1)
Austin, Steve (V)
Anoai, Solofatu
Angle, Kurt
Stratus, Trish
Dumas, Amy
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4 N

k-rings

A k-ring Is a simple closed chain of lengkh Using k-rings we can define
a weight of edges as

wi (e) = # of differentk-rings containing the edgec F

Since for a complete grapk,., » > k£ > 3 we have

wi(K,) = (r —2)!/(r — k)! the edges belonging to
cligues have large weights. Therefore these weights
can be used to identify the dense parts of a network.

For example: all-cliques of a network belong to — 2-edge cut for the
weightws.

N /
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/

collaboration graph

‘WORMALD, NICHOLAS C. ® ASKAR, RENU C. CSHELAH, SAHARON

OMCKAY, BRENDAN D. .HEDETNIEMI, STEPHEN T. OMAGIDOR, MENACHEM

Q(LEITMAN, DANIEL J.

CEHUNG, FAN RONG K. o
Ceaxs\vichaEL E. GRAHAM, RONALD L.
CARONOV, BORIS
CLINIAL, NATHAN o ACH, JANOS . t t E ,
OLLACK, RICHARD M. h (b
ot O CHENNING, MICHAEL A, withou r S!
RANKL, PETER () SPENCER, JOEL H.
A'—?{" oG OELLERMANN, ORTRUD R. _ 6926
OVASZ, LASZLO Q n = ,
OMLOS, JANOS :
CEUREDI, ZOLTAN Qr GODDARB’ AN
C - LAgL0 TUZA/ ZSOLT U ALAVI, YOUSEF _ 1 1343
SZEME(I)?BEDI, ENDRE & CHARTRAND, GARY m
ARARY, FRA
O, (i ' UBICKI, GRZEGOR
N\ /) KLOS CSCHWENK, ALLEN JOHN "
“RoDL, VOITECH
CNESETRIL, JAROSLAV @:0sA, ALEXANDER
CGYAREAS, ANDRAS
q SSHE'-P' RICHARD H. @5 1INSON, DOUGLAS ROBERT
EHEL, JENO CHEN, GUANTAO

OF q\/IULLIN, RONALD C.
AUDREE, RALPH J. e

COLBOURN, CHARLES J.

OJACOBSON, MICHAEL S.

.PHELPS, KEVIN T.

=

Edge-cut at level 16 of triangular network of Erdos

/

18
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/

Directed 3-rings

In directed networks there are two types of 3-rings:

JAAN

cyclic transitive

=

The 3-rings weights were implementedRajek in May 2002.

/

19
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4 N

4-rings and analysis of 2-mode networks

In bipartite (2-mode) network there are no 3-rings. The densest substryc-
tures are complete bipartite subgrahs,. They contain many 4-rings.

My

A wi(Kpg) = (p—1)(g— 1)
’Q}\"‘\" The 4-rings weights were implemented in

a0

‘4’ 45‘ Pajek only recently, in August 2005.
V!

Example: Bibliography from W. Imrich, S. Klaar: Product graphs:
structure and recognition JohnWiley & Sons, New York, USA, 2000.
(PDBP), (net— 2-mode 674314 network).

= /
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Example: 4-rings in a 2-mode network

V. Batagelj: Some new proceduresRajek
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it ot s e A

£660 22888 14664 8888 23446 O3

58866 88888 68888 86888 88668 88886
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i
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4 N

Example: labeled main part of 1-edge cut forw,

' auha-91

‘ agauer, J.
\
. N6 ‘

. auha-90

Watkins, M.E.
o
m. nowa-72b
‘ owitz, L.A.
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4 N

Directed 4-rings

There are 4 types of directed 4-rings:

@ >® © >® O« ® © >@
A A A A A
Y Y Y
0~ ® O >® © >® © >@
cyclic transitive genealogical diamond

—

In the case of transitive ring3ajek provides a special weight counting or
how many transitive rings the arc issaortcut

= /
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C?<esten, Brad
ETA), evlnCgchoenberg, Jeremy

Q|auer, Brent

harlie Brown and Sno(oii/ Show
eilly, Earl 'Rocky’

. harlie Brown Celebration
Den’'t L 4Q lie B

L D B 5ORk A e Brown

g of 'A Charlie Bygown Christmas’

Lovey Charlie Bfown

al Pumipkin, Chérlie Browyn
FAIl Stars! '

ife Is a Circus, Charlie Brown

ace for Your Life, Charlie Brown

QI elson, Kare
y erer, Sally
@

By Named Charlie Brown

e My Valentine, Charlie Brown

. t's Magic, Charlie Brown
MetRRdE7—8

ou’re a Good Sport, Charlie Brown
t's a Mystery, Charlie Brown

's an Adventure, Charlie Brown

t

’s Flashbeagle, Charlie Brown
Play It Again, Charlie Brown
s This Goodbye, Charlie Brown?

e Br&qrlie Brown Thanksgiving

e’re Not Elected, Charlie Brown

2 Easter Beagle, Charlie Brown

C%hea, Stephen

Example: Island for w, / Charlie Brown

Charlie Brown
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Example: Island for w, / Polizeiruf 110 and Starkes Team

Starkes Team, Ein

arkes Team - Eins zu Eins, Ein

Polizeiruf 110 - Ein Bild von einem M rder

Polizeiruf 110 - Kopf in der Schlinge
Polizeiruf 110 - Zerst rte Tr ume
Polizeiruf 110 - Angst um Tessa B low
Polizeiruf 110 - Rosentod

Polizeiruf 110 - Doktorspiele

Polizeiruf 110 - Jugendwahn
Polizeiruf 110 - Hei kalte Liebe

Polizeiruf 110 - Todsicher

Polizeiruf 110 - Der Spieler
Polizeiruf 110 - Mordsfreunde

Polizeiruf 110 - Kurschatten

\‘. Polizeiruf 110 - Tote erben nicht

Polizeiruf 110 - Der Pferdem rder

Polizeiruf 110 - Henkersmabhlzeit

erche, Arnfried
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4 N

Short cycle connectivity

In the future we intend to implement Pajek also weightsws. Again
there are only 4 types of directed 5-rings.

N NN N
PRV

These notions can be generalized to short cycle connectivityoéses).

= /
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