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N

Approaches to large networks

~

In analysis of alarge network
(several thousands or millions
of vertices, the network can be
stored in computer memory) we
can’t display it in its totality;
also there are only few algo-
rithms available.

To analyze a large network we
can use statistical approach or
we can identify smaller (sub)
networks that can be analyzed
further using more sophisticated

methods.
%
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Degrees

n =12, m = 23, indeg(e) = 3, outdeg(e) = 5, deg(e) =6

) indeg(v) = > outdeg(v) = |A| +2|E|, ) deg(v) = 2|L| — |E|

~

degreeof vertexwv, deg(v) = number
of links with v as end-vertex;
iIndegree of vertex v, indeg(v)
number of links withv as terminal
vertex (end-vertex Is both initial ang
terminal);

outdegreeof vertex v, outdeg(v)
number of links withv as initial vertex.

|~

veV

/

ISEG, Lisbon, Portugal: Introductory Workshop to Network Analysis of Texts

<> J o POR [ [



V. Batagelj: Network structure

4 N

Pajek and R

Pajek 0.89 (and later) supports the use of external programs (menu
Tools ). It provides a special support for statistical program R.
In Pajek we determine the degrees of vertices and submit them to R

info/network/general
Net/Partitions/Degree/All

Partition/Make Vector
Tools/Program R/Send to R/Current Vector

In R we determine their distribution and plot it

summaryﬁvZ)

t <- tabulate(v2)

c <- {[t>0]

| < (Llength(t)[t>0] .

plot?,c,lo ='Xy’,main="degree distribution’,
xlab="deg’,ylab="freq’)

Attention! The vertices of degree 0 are not considerethbylate

N /
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Random graphs

Erdos and Renyi definedrandom graph
as follows: every possible link is includeg
In a graph with a given probabilty.

In Pajek ’s

Net/Random Network/Erdos-Renyi
instead of probabilityp a more intuitive
average degree is used

S 1
d = —
og = > ~ deg(v)
veV

It holdsp = —— and, for simple graphs, alsteg = 2.

Mmax

Random graph in picture has 100 vertices and average degree 3.

N /
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Degree distribution

Random graph degree distribution, n=100000, degav=30

o
°°°°°°

deg

freq

1 e+02 1 et04 1 e+06

1 e+00

US Patents degree distribution

5 10 50 100

500 1000

deg

Real-life networks are usually not random in the @&s#fRenyi sense. The
analysis of their distributions gave a new view about their structure — W4
(Small worldg, Baralasi (hd/networksLinked).
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/ Homomorphisms of graphs \

Functions(p, ¥), ¢: V — V' andy: L — L’ determine aveak homomor-
phismof graphG = (V, L) in graphH = (V’, L") iff:

Vu,v € VVp € L: (p(u:v) = P(p)(e(u) : ¢(v)))
and they determine @trong) homomorphisiof graphG in graphH iff:

Vu,v € VVp € L (p(u,v) = (p)(p(u), p(v)))

If » andy) are bijections and the condition hold i

G- H both direction we get arsomorphisimof graphs

“/p(u) G and H. We denote the weak isomorphism by
(o) \b G ~ H; and the (strong) isomorphism Mgy ~
—> | ¥() H. ltholds~C~.
w(v) An invariant of graph is called each graph chay-
acteristic that has the same value for all isomqr-
phic graphs.

\EulerGT /
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Clusters, clusterings, partitions, hierarchies

A nonempty subseat’ C V is called acluster(group). A nonempty set of
clustersC = {C};} forms aclustering

ClusteringC = {C};} is apatrtition iff

JC=JCi=V in i#j=CnCj=0

ClusteringC = {C};} is ahierarchyiff
C; N Cj c {@, 5, CJ}

HierarchyC = {C;} is completgiff UC = V; and isbasicif for all
v € UC also{v} € C.

N /
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Contraction of cluster

Contractionof clusterC'is called a grapldéz/C', in which all vertices of the
clusterC' are replaced by a single vertex, sayMore precisely:

G/C = (V',L"), whereV’ = (V \ C) U {c} and L’ consists of links
from L that have both end-vertices In \ C. Beside these it contains
also a ’star’ with the center and: arc(v,c), if dp € L,u € C : p(v,u);
or arc(c,v), if dp € L,u € C : p(u,v). Thereis a loofc,c) in c if
dp € L,u,v e C:p(u,v).

In a network over grapl’ we have also to specify how are determined th
values/weights in the shrunk part of the network. Usually as the sum ¢
maksimum/minimum of the original values.

N /
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Pajek - shadow [0.00,1.00]

w(C;,Cj) =

N

/ Contracted clusters — international trade

S. America

Europe

Asia

ca

Aust ~(Amerjca

Snyder and Kicls international trade. Matrix display of dense networks.

n(C’i, Cj)

n(C;) - n(Cy)

~

/
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/ Subgraph

b
g\& 1
a d C C
o 0g 0¢g
f<lP e fO%
h ho\_,
(1) \) lo /
k i

set of vertices of7, V/ C V, and it contains all end-vertices 6f.

\Asubgraph can benducedby a given subset of vertices or links.

A subgraphH = (V', L") of a given graplG = (V, L) is a graph which set
of links is a subset of set of links @f, L’ C L, its vertex set is a subset of

/
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/Cut—out — Iinduced subgraph: Snyder and Kick — Africa\
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/ Cuts \

Thelink-cutin networkIN = (V, L, w), w : L — IR at selected levelis a
subnetworkN(t) = (V (L), L', w) induced by the set of links

L'={eeL:we) >t}
whereV (L') is the set of all endvertices of the links from.

Thevertex-cutin networkN = (V, L,p), p : V — IR at selected levelis a
subnetworkN (¢) = (V’, L(V'), p), induced by the set

Vi={veV:p) >t}
whereL (V") is the set of links from.. that have both endvertices .

To obtain interesting themes we consider only components of size at Igast
k.

The values of thresholdsare determined by inspecting the distribution of
kvveights/values and the distribution of component sizes. /
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Walks

terminal b
vertex = ‘
SLd S
O ' *OR
g
1@ '
l h TN \ 4. walk
o)
£ 2
initial
vertex
A graph isacyclicif it doesn’t contain any cycle.

~

length |s| of the walks is the number
of links it contains.

s=1(4,h,l,g,e, f,h,l,e,c b, a)

s| =11

A walk is closediff its initial and ter-
minal vertex coincide.

If we don’t consider the direction of the

links in the walk we get aemiwalkor
chain

trail —walk with all links different
path— walk with all vertices different
cycle — closed walk with all internal

| =4

vertices different
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of vertices:D = max,, yev d(u,v).

N

Shortest paths

A shortest path fromx to v is also
called ageodesidrom u to v. Its
length is denoted by(u, v).

If there is no walk fromu to v then
d(u,v) = oo.

d(j,a) =1(j,h.d,c,b,a)| =5

d(u,v) = max(d(u,v),d(v,u))
IS adistance

d(v,v) =0, d(u,v) = d(v,u),
d(u,v) < d(u,t) + d(t,v).

Thediameterof a graph equals to the distance between the most distant

14

pair

/
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Equivalence relations and Partitions

A relation R onV is anequivalenceelation iff it is
reflexiveVv € V : vRv, symmetricvu,v € V : uRv = vRu, and
transitiveVu, v,z € V : uRz A zRv = uRw.

Each equivalence relation determines a partition étaivalence classes
v] = {u : vRu}.

Each partitionC determines an equivalence relation
uRv< dCeC:ueCAvel.

k-neighborsof v is the set of vertices on 'distancg’from v, N*(v) =
{uev:dv,u) =k}

The set of allk-neighborsk = 0,1, ... of v is a partition ofV/.

k-neighborhoodf v, N*) (v) = {u € v : d(v,u) < k}.

N /
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Motorola’s neighborhood

The thickness of edges is a square root of its value.

= /
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/ Connectivity \

strong
B eomeent e is reachablefrom vertexw iff
\%\ there exists a walk with initial vertex
¢ O g and terminal vertex.

Vertexwv is weakly connectewith ver-
tex u Iff there exists a semiwalk with
andu as its end-vertices.

Vertexw is strongly connectewith ver-

O tex v iff they are mutually reachable.

j \weak /

component

Weak and strong connectivity are equivalence relations.

Equivalence classes induce weak/strongiponents

Most problems can be solved separately on each component and afteryvard
Kthese solutions combined into final solution. )/

ISEG, Lisbon, Portugal: Introductory Workshop to Network Analysis of Texts 4> d o P ® |:| |:|



V. Batagelj: Network structure

4 N

Special graphs — bipartite, tree

A graphG = (V, L) is bipartite iff its set of verticesl” can be partitioned
Into two setsl; and V5 such that every link frond, has one end-vertex in
V1 and the other V5.

A weakly connected grapty is atreeiff it doesn’t contain loops and
semicycles of length at least 3.

N /
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/ Reduction (condensation)
kO
)

abcd

ehjl

k(u,fu) c A= i(u) <i(v).

O

i

~

If we shrink every strong component of a given graph into a vertex, dele
all loops and identify parallel arcs the obtainediucedgraph is acyclic.
For every acyclic graph anrdering/ levelfunctionz : V' — IN exists s.t.

20

/
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/ ... Internal structure of strong components \

g
|

Let d be the largest common divisor of lengths ¢
closed walks in a strong component.

The component is said to kemple iff d = 1;
otherwise it isperiodicalwith a periodd.

The set of verticed” of strongly connected di-
rected graplG = (V, R) can be partitioned into
d clustersVy, Vs, ..., V4, s.t. for every arc
(u,v) € Rholdsu € V; = v € Vijmoda)+1 -

21

f

= /
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N

... Internal structure of strong components

Bonhourés periodical graphPajek data

~

/
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Bow-tie structure of the Web graph

. Tendrils-.._

Disconnected components

Kumar &: The Web as a graph

Let in_corgwv) denotes the indegree
core number of vertex. Define
A={veV:incorgv) <1},

B ={v eV :outcorgv) < 1}

and

T=ANB, I =A\T,
O=B\T,S=V\(AUB)
then{l,S,T,0O} is thebow-tieparti-
tion of V.

Subgraphs induced by satsi’ andO
are acyclic. Subgraph ofi contains
all nontrivial strong components. It

reduced graph is also acyclic.

ISEG, Lisbon, Portugal: Introductory Workshop to Network Analysis of Texts

<> J o POR [ [

23


http://www.almaden.ibm.com/cs/k53/algopapers/pods00graph.ps

V. Batagelj: Network structure

/

Biconnectivity

weak components in a graph.

In a graph.

N

Verticesu andv arebiconnectedff they are connected (in both directions)
by two independent (no common internal vertex) paths.

Biconnectivity determines a partition of the set of links.

A vertex is anarticulation vertex iff its deletion increases the number of

~

A link is a bridgeiff its deletion increases the number of weak components

/
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/

k-connectivity

Whitney’s inequality:x(G) < A(G) < (G) .

AG) > k.

(semi)walks.

N

Link connectivityh of graphG is equal to the smallest number of links tha
if deleted, induce a disconnected graph or the trivial grAph

GraphdG is (vertex)k—connectedif x(G) > k and islink k—connectedif

Whitney / Menger theorem: Gragh is vertex/linkk—connected iff every
pair of vertices can be connected withvertex/link internally disjoint

~

Vertex connectivity of graphG is equal to the smallest number of vertices
that, if deleted, induce a disconnected graph or the trivial gfaph

/
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Triangular and short cycle connectivities

In an undirected graph we calll@aangle a subgraph isomorphic t&;.

A sequenceT’, Ty, ..., Ts) of triangles ofG (vertex) triangularly connects
verticesu,v € V iff w € Ty andv € T, oru € T, andv € T}
andV(T,_1 )NV (T;) # 0,7 = 2,...s. It edge triangularly connects
verticesu,v € V Iff a stronger version of the second condition holds
E(T,_1)NE(T;) #£0,i=2,...s.

v T

Vertex triangular connectivity is an equivalencednand edge triangular
connectivity is an equivalence di. /
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Triangular network

A Let G be a simple undirected graph. tAangular
O networkNr(G) = (V, Ep,w) determined byG is
a subgraplGr = (V, Er) of G which set of edges
o Er consists of all triangular edges 6(G). Fore €
Er the weightw(e) equals to the number of different
o triangles inG to whiche belongs.

Triangular networks can be used to efficiently identify dense clique-like
parts of a graph. If an edgebelongs to &-clique inG thenw(e) > k — 2.

N /
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Edge-cut at level 16 of triangular n
collaboration graph

Q

(AWORMALD, NICHOLAS C. SHELAH, SAHARON

{ASKAR, RENU C.

O!\/ICKAY, BRENDAN D. .HEDETNIEMI, STEPHEN T. OMAGIDOR, MENACHEM

Q(LEITMAN, DANIEL J.

OCHUNG, FAN RONG K. )
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Q\IESETRIL, JAROSLAV
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SCHELP, RICHARD H.
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.COLBOURN, CHARLES J.

OJACOBSON, MICHAEL S.

.PHELPS, KEVIN T.

N

etwork of Erdos

without Erds,
n = 6926,
m = 11343

/
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/ Triangular connectivity in directed graphs \

If the graph( is mixed we replace edges with pairs of opposite arcs. In the
following let G = (V, A) be a simple directed graph without loops. For &
selected ar¢u, v) € A there are four different types of directed triangles}

cydic, transitive,input andoutput.

Z Z Z Z
> l/ \)o G/\)o / \
A% u A% u A% u V

cycC tra In out

=0

For each type we get the corresponding triangular net®ogk., Ny,
N,,, andN ;.
The notion of triangular connectivity can be extended to the noticrnoft

k(semi) cycle connectivity /
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Arc-cut at level 11 of transitive triangular network of
ODLIS dictionary

/Oserial

publication

American Library Directory
transaction log

iqdical
uggestion|box

review

f frequency

issue

series

Library Literature colophon

fiction
bibliographic record O/Oabstract

editor

title

table of contents /TOC .
invoice index
endpaper copyright
collation
Opublisher

folio

page
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/ Islands \

31

ﬂ f\ | A set of verticesC' C V is avertex islandin
! network N = (V,L,p), p : V — RRIiff it
\ / \ t iInduces a connected subgraph and the vertices
- -\ from the island are ’higher’ than the neighbor-
Ing vertices

max u) < min p(v
uEN(C)p( ) UECP( )

A set of vertices” C V' is alink islandin networkN = (V, L, w), w : L — IR iff
it induces a connected subgraph and the links inside the island are 'stronger relpted’

among them than with the neighboring vertices Nrthere exists a spanning tree
T over(C' such that

max w(u,v) < min w(u,v)
(u,v)eL,ugC,veC (u,v)eT

N /
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. Islands
We can also defineimpleislands with a single 'peak’.
Usually we are interested only in networks of size betweand K.

Island, also those with restricted siZesK, determine hierarhies ovéf.

There exist efficient algorithms to determine the islands.

4 N

N /
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/

N

{1
11]
21]
31
41]
51
61)
71
81]

190 125
17 16
12 3

1 3
2 3
0 0
0 0
2 0

Example — US patents

As an example, let us look &tbernetwork ofUS Patentslt has 3774768
vertices and 16522438 arcs (1 loop). We computed SPC weights in it &
determined all (2,90)-islands. The reduced network has 470137 vertices,
307472 arcs and for differerit Cy; =187610,C5 =8859('35 =101,
(5o =30 islandsRolex

0 139793 29670 9288 3966 182/ 997 578 362 250

104 71 47 37 36
13 10 10

OFRPOWANO
OFRONRFRPWN
OOFrROUIW
RPOOONW
NOOORN

33

~

33 21 23
5 5 5
6 6 2
1 1 1
0O O 1
2 0 0
1 0 O
o 0 7

Nnd

/
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Island size distribution
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Main path and main island of Patents

5855814

5683624

5016989

4877547 4820839 4832462

5308538

NBEmE
-

@770503 4797228
4877547 71319D S470422D 4657695
4797228 -
4659502
(@s5815D
4659502
4526704 @502070 ?.4514044
4550981
2526704 472582

4386007

4340498

: {26165

4149413

4082428

C 3960752 2

S o5 B D G607D>
3872140

3675987

e T,

2544659 3731986
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V. Batagelj: Network structure

Table 1: Patents on the liquid-crystal display

Liquid crystal display

Table 2: Patents on the liquid-crystal display

Table 3: Patents on the liquid-crystal display

patent date [ author(s) and title patent date [ author(s) and ttle patent date [ author(s) and ttle
2511659 | Mar 13, 1951 | Dreyer. Dichroic light-polarizing sheet and the ke and the 083797 [ Apr 11, 1078 [Oh. Nematic liquid crystal compositions 1511041 | Apr 30, 1085 | Gunjima, et al. I-( Trans-I-alkylcyclohexyl)-2-(trans-T-(p-sub
formation and use thereof 4113647 | Sep 12, 1978 | Coat ystalline materials stituted phenyl) cyclohexyl)ethane and liquid crystal mixture
2682562 | Jun 29, 1954 | We et al. Reduction of aromatic carbinols 4118335 | Oct 3, 1978 stalline materials of reduced viscosity 4526704 | Jul 2, 1985 | Petrzilka, et al. Multiring liquid crystal esters
3322485 | May 30, 1967 5. Electro-optical clements utilazing an organic 4130502 | Dec 19, 1978 o alline cyclohexane derivatives 4550081 | Nov 5, 1985 | Petrzilka, et al. Liquid crystalline esters and mixtures
nematic compound 4149413 | Apr 17, 1979 | Gray, et al. Optically active liquid crystal mixtures and 4558151 | Dec 10, 1985 | Takatsu, et al. Nematic liquid crystalline compounds
3636168 | Jan 18, 1972 | Josephson. Preparation of polynuclear aromatic compounds liquid crystal devices c i 1583826 | Apr 22, 1986 | Petrzilka, et al. Phenylethanes
3666948 | May 30, 1972 vitz, et al. Liquid crystal termal imaging 4154697 | May 15, 1979 | Fider (‘hmk et al. Liquid crystalline hexahydroterphenyl 4621901 | Nov 11, 1986 t al. Novel liquid crystal mixtures
aving an undisturbed image on a disturbed bac 4630896 | Dec 23, Benzonitriles
3675987 | Jul 11, 1972 | Rafuse. Liquid crystal compositions and devices 4195916 | Apr 1, 1980 | Coates, al compounds 4657695 | Apr 14, . i i
3691755 | Sep 19, 1972 | Girard. Clock with digital display 4198130 | Apr 15, 1980 | Boller, et al. L|quid crystal mixtures 4659502 | Apr 21, Fearon, et al.
3697150 | Oct 10, 1972 ochi. Electro-optic systems in which an electrophoretic- 4202791 | May 13, 1980 | Sato, et al. Nematic liquid crystalline materials 4695131 | Sep 22, 1987 | Balkwill, et al. Disubstituted ethanes and their use in liquid
like or dipolar material is dispersed throughout a liquid 4229315 | Oct 21, 1980 | Krause, et al. Liquid crystalline cyclohexane derivatives ystal materials and devices
crystal to reduce the turn-off time 4261652 | Apr 14, 1981 al. Liquid crystal compounds and materials and 4704227 | Nov 3, 1987 | Krause, et al. Liquid crystal compounds
3731986 | May 8, 1973 | Fergason. Display devices utilizing liquid crystal light ontaining them 4709030 : Petrzilka, et al. Novel liquid crystal mixtures
modulation 4290900 Sep 22, 1981 | Kanbe. Ester compound 4710315 Schad, et al. Anisotropic compounds and liquid crystal
3767289 | Oct 23, 1973 | Aviram, et al. Class of stable trans-stilbene compounds, 4293434 | Oct 6, 1981 | Deutscher, et al. Liquid crystal compounds mixtures therewith
some displaying nematic mesophases at or near room 14302352 | Nov 24, 1981 | Eidenschink, et al. Fluorophenyleyclohexanes, the preparation 4713197 | Dec 15, 1987 | Eidenschink, et al. Nitrogen-containing heterocyclic compounds
temperature and others in a range up to 100°C thereof and their use as (Umpunultb of liquid crystal dielectrics 4719032 | Jan 12, 1988 | Wachtler, et al. Cyclohexane derivatives
3773747 | Nov 20, 1973 | Steinstrasser. Substituted azoxy benzene compounds 4330426 | May 18, 1982 | Eidenschink, et al. Cyt biphenyls, their preparation and 4721367 | Jan 26, 1988 | Yoshinaga, et al. Liquid crystal
3795436 | Mar 5, 1974 | Boller, et al. Nematogenic material which exhibit the Kerr use in dielectrics and o e((loup(\ca] display clements 4752414 | Jun 21, 1988 | Eidenschink, et al. ing heterocyclic compounds
effect at isotropic temperatures 4310498 | Jul 20, 1982 | Sugimori. Halogenated ester derivative 4770503 | Sep 13, 1988 | Buchecker, et al. Liquid crystalline compounds
3796479 | Mar 12, 1974 | Helfrich, et al. Electro-optical light-modulation cell 4349452 | Sep 14, 1982 | Osman, et al. (‘vdoho “lohexanoates 4795579 Jan 3, 1989 | Vauchier, et al. 2,2"-difluoro-4-alkoxy-4’-hydroxydiphenyls and
utilizing a nematogenic material which exhibits the Kerr 4357078 | Nov 2, 1982 | Caur, et al. Liquid crystal compounds containing an alicyclic their derivatives, their production process and
effect at isotropic temperatures ring and exhibiting a low diclectric anisotropy and liquid their use in liquid crystal display devices
3872140 | Mar 18, 1975 | Klanderman, et al. Liquid crystalline compositions and crystal materials and devices incorporating such compounds 4797228 | Jan 10, 1989 | Goto, et al. Cyclohexane derivative and liquid crystal
method 4361494 | Nov 30, 1982 | Osman, et al. Anisotropic cyclohexyl cyclohexylmethy cthers composition containing same
3876286 1975 | Deutscher, et al. Use of nematic liquid crystalline substances 8135 | Jan 11, 1983 | Osman. Anisotropic compounds w i 4820839 | Apr 11, 1989 | Krause, et al. Nitrogen-containing heterocyclic esters
3881806 6, 1975 | Suzuki. Electro-optical display device DC-anisotropy and low optical anisotropy 4832462 | May 23, 1989 | Clark, et al. Liquid crystal devices
3891307 4, 1975 | Tsukamoto, et al. Phase control of the voltages applied to 4386007 | May 31, 1983 | Krause, et al. Liquid crystalline naphthalene derivatives 4877547 | Oct 31, 1989 | Weber, et al. Liquid crystal display element
opposite electrodes for a cholesteric to nematic phase 4387038 | Jun 7, 1983 (Trans-4"-alkyleyclohexyl) benzoic acid 4957349 | Sep 18, 1990 | Clerc, et al. Active matrix screen for the color display of
transition (lisp y iphenylyl esters television pictures, control system and process for producing
3947375 | Mar 30, 1976 iqui ral materials and devices 4387039 | Jun 7, 1983 (trans-4-alkyleyclohexyl)-cyclohexane said screen
3954653 | May 4, 1976 stal composition having high dielectric nobiphenyl ester 5016988 | May 21, 1991 | limura. Liquid crystal display device with a birefringent
mnso'rop» and (ll&ph\ device incorporating same 4400293 | Aug 23, 1983 > . st ohexylphenyl derivatives compensator
3960752 | Jun 1, 1976 | Klanderman, et al. Liquid crystal compositions 4415470 | Nov 15, 1983 | Eidenschink, et al. Liquid talline fluorine-containing 5016989 | May 21, 1991 | Okada. Liquid crystal element with improved contrast and
3975286 | Aug 17, 1976 | Oh. Low voltage actuated field effect liquid crystals cyclohexylbiphenyls and dielectrics and electro-optical display brightness
compositions and method of synthes elements based thereon 5122205 | Jun 16, 1992 | Weber, et al. Matrix liquid crystal display
14000084 | Dec 28, 1976 et dl qumd crystal mixtures for electro-optical 4419263 | Dec 6, 1983 | Pracfcke, et al. Liquid erystalline cyclohexylcarbonitrile 5124824 | Jun 23, 1992 | Kozaki, et al. Liquid crystal display device comprising a
 dev rcmrzl;mou compensation layer having a maximum principal
4011173 | Mar 8, 1977 ser. Modified nematic mixtures with 4422951 | Dec 27, 1983 et al. Liquid crystal benzene derivatives refractive index in the thickness direction
positive dielectric anisotropy 4455443 | Jun 19, 1984 u, et al. Nematic halogen Compound 5171469 | Dec 15, 1992 | Hittich, et al. Liquid-crystal matrix display
4013582 | Mar 22, 1977 | Gavrilovic. Liquid crystal compounds and electro-optic 4456712 | Jun 26, 1984 | Christie, et al. Bismaleimide triazine composition 5283677 | Feb 1, 1994 | Sagawa, et al. Liquid crystal display with ground regions
devices incorporating them 1460770 | Jul 17, 1984 | Petrzilka, et al. Liquid crystal mixture between terminal groups
4017416 | Apr 12, 1977 | Inukai, et al. P-cyanophenyl 4-alkyl-4'-biphenylcarboxylate, 4472293 | Sep 18, 1984 | Sugimori, et al. High temperature liquid crystal substances of 5308538 | May 3, 1994 | Weber, et al. Supertwist liquid-crystal display
method for preparing same and liquid crystal compositions four rings and liquid crystal compositions containing the same 5374374 | Dec 20, 1994 | Weber, et al. Suy ystal display
using same 4472592 | Sep 18, 1984 | Takatsu, et al. Nematic liquid crystalline compounds 5543077 | Aug 6, 1996 | Rieger, e 1 composition
4029595 | Jun 14, 1977 | Ross, et al. Novel liquid crystal compounds and electro-optic 4480117 | Oct 30, 1984 | Takatsu, et al. Nematic liquid crystalline compounds 5555116 | Sep 10, 1996 | Ishikawa, et al. Liquid crys splay having adjacent
devices incorporating them 14502074 | Mar 5, 1985 Suglmun et al. High temperature liquid-crystalline ester electrode terminals set equal in length
4032470 | Jun 28, 1977 | Bloom, et al. Electro-optic device compounds 5683624 | Nov 4, 1997 | Sekiguchi, et al. Liquid crystal composition
4077260 | Mar 7, 1978 | Gray, et al. Optically active cyano-biphenyl compounds and 4510069 | Apr 9. 1985 | Eidenschink, et al. Cyclohexane derivatives 5855814 | Jan 5, 1999 | Matsui, et al. Liquid crystal compositions and liquid crystal
i tal materials containing them display elements
4082428 | Apr 4, 1978 al composition and method
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V. Batagelj: Network structure

/

Dense groups

groups in graphs.

Clique of orderk is a maximal complete subgraph (isomorphicig),
k> 3.

s-plexes, LS sets, lambda sets, cores, ...

detemine.

N

~

Several notions were proposed in attempts to formally describe dense¢

For all of them, except for cores, it turned out that they are difficult to

/
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/

ha

N

Cores and generalized cores

The core numberof vertexwv is the highest order of a core that contains
this vertex. The degreéeg(v) can be: in-degree, out-degree, in-degree
out-degree, etc., determining different types of cores.

~

The notion of core was introduced
by Seidman in 1983. LeG =
(V, F) be agraph. Asubgrapf =
(W, E|W) induced by the séi/ is

a k-core or a core of orderk iff
Vv € W : degy(v) > k, andH is

a maximal subgraph with this prop-
erty. The core of maximum order is
also called thenaincore.

/
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/

properties of cores:

following property:

N

Properties of cores

e The coresare nested:< j — H; C H;

~

From the figure, representing O, 1, 2 and 3 core, we can see the follow

e Cores are not necessarily connected subgraphs.

An efficient algorithm for determining the cores hierarchy is based on the

If from a given graphG = (V, E) we recursively delete all
vertices, and edges incident with them, of degree less&h#me
remaining graph is thg-core.

/
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V. Batagelj: Network structure

/

... Properties of cores

bound on the chromatic number of a given gr&ph

X(G) <1+ core(G)

and ak-cligue is contained in &-core.

N

40

~

Cores can also be used to localize the search for interesting subnetwor
large networks since: if it exists, /acomponent is contained infacore;

The cores, because they can be determined very efficiently, are one anmpong
few concepts that provide us with meaningful decompositions of larg

networks. We expect that different approaches to the analysis of larg
networks can be built on this basis. For example: we get the following

KS IN

/
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-~

=

o6-core of Krebs Internet industries

otorola
amai
riba
o!
Loudcloud
9
UPS
dry
i
el orks
ebMethods
SAP
Lucen
& Peoplesoft
Int Vignel
DS B oftwfar
Exod
CIBER
CacheFlow Siebel
CommerceOne
EMC

/
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/

The notion of core can be generalized to networks. et (V, E, w)
be a network, wheré&x = (V, F)isagraphandv : ¥ — R is a
function assigning values to edges.vArtex property functioon N, or

Generalized cores

te Riff Vo e C:t <p(v,C)andC is a maximal such set.

p-functionfor short, is a functiom(v,U), v € V, U C V with real values.

Let Ny(v) = N(v) N U. Besides degrees, here are some examples o
p-functions:
ps(v,U) = Z w(v,u), wherew : E — RJ
uENy (v)
pmy(v,U) =  max w(v,u), wherew : £ — R
u€ Ny (v)
pe(v,U) = number of cycles of length through vertex in (U, E|U)

The subgraplf = (C, E|C) induced by the set’ C V is ap-core at level

~

a

/
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/

The functionp is monotonaff it has the property

Generalized cores algorithm \

CrcCo=YweV: (p(”U,Cl) < p(U,CQ))

The degrees and the functioms, p,; andp;. are monotone. For a monotong
function thep-core at levek can be determined, as in the ordinary case, |
successively deleting vertices with valuepdbwer thant; and the cores on
different levels are nested

th <to= H;, C Hy,

Thep-function islocal iff p(v,U) = p(v, Ny (v)) .

The degreegs andp,, are local; bup,, is not local for k > 4. For a local
p-function anO(m max(A,logn)) algorithm for determining the-core

szels exists, assuming thatv, Nc(v)) can be computed iﬁ)(degc(v))./
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pg-core at level 46 of Geombib network
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