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Blockmodeling
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Matrix rearrangementview on blockmodeling
Snyder& Kick' sWorld trade network /
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Pajek - shadow 0.00,1.00 Sep- 5-1998
World trade - alphabetic order
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Pajek - shadow 0.00,1.00 Sep- 5-1998
World Trade (Snyder and Kick, 1979) - cores
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Alphabeticorderof countriesandorderingbasedon thecoredecomposition
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Ordering the matrix

Thereareseveralwayshow to rearrangea givenmatrix – determineanorderingor
permutationof its rows andcolumns– to getsomeinsightinto its structure:

� orderingby degree;

� orderingby connectedcomponents;

� orderingby corenumber, connectedcomponentsinsidecorelevels,anddegree;

� orderingaccordingto a hierarchicalclusteringandsomeotherproperty.

Thereexistsalsosomespecialproceduresto determinetheordering.Weshalldescribe
themon2-modenetworks.

A 2-modenetworkis a network

�
	

�
� ���

�

in which theverticesarepartitionedinto
two sets

	

�

and

	

�

suchthatevery link connectsa vertex from

	

�

to a vertex from

	

�

(bipartitegraph).
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Seriation

Givena 2-modenetwork �
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�
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. . . seriation

Theseriationalgorithm:

determine(random)
%

;
repeat

computerow-weights
6

�

'

�

, '

(

�

;

!

�

� sort decreasing

���

� 6

�

;
computecol-weights

7

�

1

�

,1

(

�

;

%

�

� sort decreasing

�

�

� 7

�

;
until orderingsstabilize(or max-stepsreached)

In thecaseof 1-modenetwork weset

!

�

%

anduseasaunit-weight

6

�

'

��9

7

�

'

�

.
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Clumping

Theideaof clumpingapproachis to arrangetheunitsin suchanorderthata measure
of 'clumpiness'is maximized.Theorderingis built sequentiallyby greedyadding
a new unit at thebestplacein thecurrentorderingrepresentedby a list containing

:

unitsandtwo 'sentinel'units

;

'
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�
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�
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�
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�
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. . . clumping

In thesameway (transposethenetwork) wecanorderalsothecolumns.

In the caseof 1-modenetwork we usethe combinedcriterion – sumof row- and
col-clumpiness.

Untestedidea1: subtractthesquaresof valueswith nomatchingvalue.

Untestedidea2: for largenetworksit would bebetterto designthealgorithmaround
thesets

�

�

'

?

�
Y

�

�

'

?

�

�

�

.
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Blockmodelingasa clustering problem

Thegoalof blockmodelingis to reduce
a large,potentiallyincoherentnetwork
to a smallercomprehensiblestructure
that can be interpretedmore readily.
Blockmodeling,asanempiricalproce-
dure,is basedon the ideathat units in
a network canbegroupedaccordingto
theextentto which they areequivalent,
accordingto somemeaningfulde�ni-
tion of equivalence.
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Cluster, clustering, blocks

Oneof themainproceduralgoalsof blockmodelingis to identify, in a givennetwork

�

�

���

�
�

�

,

�

�

�

�

�

, clusters (classes)of units that sharestructuralcharac-
teristicsde�ned in termsof

�

. The unitswithin a clusterhave thesameor similar
connectionpatternsto otherunits. They form a clustering

Z

�

J\[

�

�

[

�

�

# # #

�

[

=

K

which is a partition of theset
�

. Eachpartitiondeterminesanequivalencerelation
(andviceversa).Let usdenoteby] therelationdeterminedby partition

Z

.

A clustering

Z

partitionsalsotherelation

�

into blocks

�

�

[

?

�

[

X

�

�

�̂ [

?

�

[

X

Eachsuchblockconsistsof unitsbelongingto clusters

[

?

and

[

X

andall arcsleading
from cluster

[

?

to cluster

[

X

. If

A

�

Q

, a block

�

�

[

?

�

[

?

�

is calledadiagonalblock.
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Structural and regular equivalence

Regardlessof thede�nition of equivalenceused,therearetwo basicapproachesto the
equivalenceof unitsin a givennetwork (compareFaust,1988):

� theequivalentunitshave thesameconnectionpatternto thesameneighbors;

� the equivalentunits have the sameor similar connectionpatternto (possibly)
different neighbors.

The�rst typeof equivalenceis formalizedby thenotionof structuralequivalenceand
thesecondby thenotionof regularequivalencewith thelattera generalizationof the
former.
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Structural equivalence

Units areequivalentif they areconnectedto therestof thenetwork in identicalways
(LorrainandWhite,1971).Suchunitsaresaidto bestructurally equivalent.

Theunits ' and1 arestructurally equivalent, we write '
_

1 , if f thepermutation
(transposition)

`

�

�

' 1

�

is anautomorphismof therelation

�

(Borgatti andEverett,
1992).

In otherwords,' and1 arestructurallyequivalentif f:

s1. '

�

1

a

1

�

' s3.

b
c

(

�

I J

'

�
1

K

�

�

'

�

c

a

1

�

c

�

s2. '

�

'

a

1

�

1 s4.
b

c

(

�

I J

'

�
1

K

�

�

c

�

'

a

c

�

1

�

Theblocksfor structuralequivalencearenull or completewith variationsondiagonal
in diagonalblocks.
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Regular equivalence

Integral to all attemptsto generalizestructuralequivalenceis the ideathatunitsare
equivalentif they link in equivalentwaysto otherunitsthatarealsoequivalent.

WhiteandReitz(1983):Theequivalencerelation d on

�

is a regular equivalenceon
network �

�

�
�

���

�

if andonly if for all '

�
1

�

c

(

�

, '

d

1 impliesboth

R1. '

�

c

e
f

g

(

�

�

�

1

� gh g

d

c

�

R2. c

�

'

e
f

g

(

�

�

�

g �

1

h g

d

c

�

Anotherview of regularequivalenceis basedon colorings(Everett,Borgatti 1996).

Theorem 4.1 (Batagelj, Doreian,Ferligoj, 1992) Let

Z

�

J\[

?

K

be a partition
correspondingto a regular equivalenced on thenetwork�

�

���

���

�

. Theneach
block

�

�

[

i

�

[

j

�

is either null or it hasthe propertythat there is at leastone1 in
each of its rowsand in each of its columns.Conversely, if for a givenclustering

Z

,
each block hasthis propertythenthecorrespondingequivalencerelationis a regular
equivalence.

Theblocksfor regularequivalencearenull or 1-coveredblocks.
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GeneralizedBlockmodeling
A blockmodelconsistsof structuresob-
tainedby identifying all units from the
sameclusterof the clustering

Z

. For
anexactde�nition of a blockmodelwe
have to be precisealso about which
blocks producean arc in the reduced
graph and which do not, and of what
type. Sometypes of connectionsare
presentedin the�gure onthenext slide.
The reducedgraphcanbe represented
by relationalmatrix, calledalsoimage
matrix.
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Block Types
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Characterizationsof Typesof Blocks

null nul all 0k

complete com all 1k

regular reg 1-coveredrowsandcolumns

row-regular rre eachrow is" -covered

col-regular cre eachcolumnis" -covered

row-dominant rdo f all 1 rowk

col-dominant cdo f all 1 columnk

row-functional rfn f ! one1 in eachrow

col-functional cfn f ! one1 in eachcolumn

non-null onef at leastone1

k exceptthismaybediagonal

A block is symmetriciff

b

'

�
1

(

[

?

�

[

X

�

�

'

�

1

a

1

�

'

�

.
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Block Typesand Matrices

1 1 1 1 1 1 0 0

1 1 1 1 0 1 0 1

1 1 1 1 0 0 1 0

1 1 1 1 1 0 0 0

0 0 0 0 0 1 1 1

0 0 0 0 1 0 1 1

0 0 0 0 1 1 0 1

0 0 0 0 1 1 1 0

[

�

[

�

[

�

complete regular

[

�

null complete
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Formalization of blockmodeling
Let

	

bea setof positionsor imagesof clustersof units. Let

l

�

� �

	

denotea
mappingwhichmapseachunit to its position.Theclusterof units

[

��m �

with thesame
position

m

(

	

is

[

��m �

�

l
n

�

��m �

�

J

'

(

�

�

l

�

'

�

�

m

K

Therefore

Z

�

l

�

�

J\[

�
m

�

�

m

(

	

K

is a partition(clustering)of thesetof units
�

.
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Blockmodel

A blockmodelis anorderedsextuple

o

�

�
	

�
p �rq � @ �

`

��s

�

where:

�

	

is asetof typesof units(imagesor representativesof classes);

�

p

�

	

�

	

is asetof connections;

�

q

is asetof predicatesusedto describethetypesof connectionsbetweendifferent
classes(clusters,groups,typesof units) in a network. We assumethatnul

(

q

.
A mapping

`

� p

�

q

I J

nul

K

assignspredicatesto connections;

�

@

is a setof averaging rules. A mapping

s

� p

�

@

determinesrulesfor
computingvaluesof connections.

A (surjective) mapping

l

�

� �

	

determinesa blockmodel

o

of network � if f it
satis�estheconditions:

b

��m

�
�

�

(

p �

`

�
m

���

� �

[

��m �

�

[

�

�

� �

and

b

��m

���

�

(

	

�

	

I

p � nul

�

[

�
m

�

�

[

�

�

� �

#
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Equivalences

Let] beanequivalencerelationover

�

and

;

'

>

�

J

1

(

�

� '

]

1

K

. We saythat

] is compatiblewith

q

over anetwork � if f

b

'

�
1

(

�

f t

(

q

� t

�

;

'

>

�

;

1

>

�

#

It is easyto verify that the notion of compatibility for

q

�

J

nul

�

reg

K

reduces
to the usualde�nition of regular equivalence(White andReitz 1983). Similarly,
compatibility for

q

�

J

nul
�

com
K

reducesto structuralequivalence(Lorrain and
White1971).

For a compatibleequivalence] themapping

l

� '
u

�

;

'

>

determinesa blockmodel
with

	

�

�

G

] .

Theproblemof establishinga partitionof units in a network in termsof a selected
typeof equivalenceis a specialcaseof clustering problem thatcanbeformulatedas
anoptimizationproblem.
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Criterion function

Oneof the possiblewaysof constructinga criterion function that directly re�ects
theconsideredequivalenceis to measurethe �t of a clusteringto an idealonewith
perfectrelationswithin eachclusterandbetweenclustersaccordingto theconsidered
equivalence.

Givena clustering

Z

�

J\[

�

�

[

�

�

# # #

�

[

=

K

, let

v

�

[

i

�

[

j

�

denotethesetof all ideal
blockscorrespondingto block

�

�

[

i

�

[

j

�

. Thentheglobalerrorof clustering

Z

can
beexpressedas

w

�

Z

�

�

x

y

z

x

{

+
|

U} ~

•

+
€

-

x

y

z

x

{

0

M

�

�

�

[

i

�

[

j

�

�
•

�

wherethe term

M

�

�

�

[

i

�

[

j

�

�
•

�

measuresthedifference(error)betweentheblock

�

�

[

i

�

[

j

�

andthe idealblock• .

M

is constructedon thebasisof characterizations
of typesof blocks. The function

M

hasto be compatiblewith the selectedtype of
equivalence.
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For example,for structuralequivalence,theterm

M

�

�

�

[

i

�

[

j

�

�
•

�

canbeexpressed,
for non-diagonalblocks,as

M

�

�

�
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�
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�

�
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�

�

.

+

x
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z

*

+
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{
‚

)

. *„ƒ

…

. *

‚

#

where

)

. *

is theobservedtie and

…

. *

is thecorrespondingvaluein anidealblock.
This criterion function countsthe numberof 1s in erstwhilenull blocksand the
numberof 0s in otherwisecompleteblocks. Thesetwo typesof inconsistenciescan
beweighteddifferently.

Determiningtheblockerror, we alsodeterminethetypeof thebest�tting idealblock
(thetypesareordered).

Thecriterionfunction w

�

Z

�

is sensitiveiff w

�

Z

�

�

8 a

l

(determinedby

Z

) is an
exactblockmodeling.For all presentedblock typessensitive criterionfunctionscan
beconstructed(Batagelj,1997).

The obtainedoptimizationproblemcanbe solved by local optimization. Oncea
partitioning

l

andtypesof connection

`

aredetermined,we canalsocomputethe
valuesof connectionsby usingaveragingrules.
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Bene�ts fr om Optimization Approach
� ordinary / inductiveblockmodeling: Given a network � andsetof typesof

connection
q

, determinethemodel

o

;

� evaluationof the quality of a model,comparingdifferent models,analyzing
the evolution of a network(Sampsondata,DoreianandMrvar 1996): Given
a network � , a model

o

, andblockmodeling

l

, computethe corresponding
criterionfunction;

� model�tting / deductiveblockmodeling: Givena network � , setof types

q

, and
afamily of models,determine

l

whichminimizesthecriterionfunction(Batagelj,
Ferligoj,Doreian,1998).

� wecan�t thenetwork to apartialmodelandanalyzetheresidualafterward;

� we canalsointroducedifferentconstraintson themodel,for example:units '

and1 areof thesametype;or, typesof units ' and1 arenotconnected;. . .
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Pre-Speci�edBlockmodels
The pre-speci�edblockmodelingstartswith a blockmodelspeci�ed, in termsof
substance,prior to an analysis. Givena network, a setof idealblocksis selected,a
family of reducedmodelsis formulated,andpartitionsareestablishedby minimizing
thecriterionfunction.

Thebasictypesof modelsare:

* *

* 0

* 0

* *

* 0

0 *

0 *

* 0

center- hierarchy clustering bipartition

periphery
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The StudentGovernment at the University of Ljubljana in 1992

Therelationis determinedby thefollowing question(Hlebec,1993):

Of the membersandadvisorsof the StudentGovernment,whom do you
(mostoften)talk with (aboutthemattersof theStudentGovernment)?

m p m m m m m m a a a
1 2 3 4 5 6 7 8 9 10 11

minister1 1† 1 1† † 1† † † † †

p.minister 2† † † † † † † 1† † †

minister2 3 1 1† 1† 1 1 1† † †

minister3 4† † † † † † 1 1† † †

minister4 5† 1† 1† 1 1 1† † †

minister5 6† 1† 1 1† 1 1† † †
minister6 7† † † 1† † † 1 1† 1
minister7 8† 1† 1† † 1† † † 1
adviser1 9† † † 1† † 1 1† † 1
adviser2 10 1† 1 1 1† † † † † †

adviser3 11† † † † † 1† 1 1† †

minister1

pminister

minister2

minister3

minister4

minister5

minister6

minister7

advisor1

advisor2

advisor3
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A Symmetric Acyclic Blockmodelof StudentGovernment

Theobtainedclusteringin 4
clustersis almostexact.The
only erroris producedby the
arc

��‡

ˆ

�

&

‰

�

.
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RagusanNobleFamiliesMarriage Network, 18th and 19th Century

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23
Basilio 1 Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š 1 Š Š

Bona 2 Š Š Š Š Š Š 1 Š Š Š 2 Š 2 Š Š Š Š Š Š Š 1 Š Š

Bonda 3 Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š 2 Š Š

Bosdari 4 Š 1 Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š 1
Bucchia 5 Š Š Š Š Š Š Š Š Š Š Š Š 1 Š Š Š Š Š Š Š Š Š Š

Caboga 6 Š Š Š Š Š Š 1 Š Š Š Š Š 1 1 Š Š Š Š 1 Š 1 Š Š

Cerva 7 Š 1 Š Š Š 1 Š Š Š Š Š Š 1 Š Š Š Š Š Š Š 1 Š Š

Georgi 8 Š 1 2 Š Š Š 1 Š Š Š Š Š Š Š Š 4 Š Š Š Š Š Š 1
Ghetaldi 9 Š 1 Š Š Š Š Š 1 Š 1 Š Š Š 1 Š Š Š Š 1 Š Š Š Š

Gondola 10 Š 1 Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š

Goze 11 1 2 1 Š Š Š Š Š Š Š 2 2 Š Š Š Š Š Š Š Š 2 1 Š

Gradi 12 Š Š Š Š Š Š Š Š Š Š 1 Š Š Š Š 1 Š Š Š Š 3 Š Š

Menze 13 Š Š Š Š Š 1 Š Š 1 Š Š Š Š Š Š Š Š Š Š Š Š Š 1
Natali 14 Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š

Pauli 15 Š 1 Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š

Poza 16 Š Š 2 Š Š Š Š Š Š Š 1 Š Š Š Š 1 Š Š Š Š 1 Š Š

Ragnina 17 Š 1 1 Š Š Š Š Š Š Š 1 Š Š Š Š Š Š Š Š Š 1 Š Š

Resti 18 Š Š Š Š Š Š Š Š Š Š Š 1 Š Š Š Š Š Š Š Š Š Š 1
Saraca 19 Š Š Š Š Š Š Š Š 1 Š Š Š Š Š Š Š Š Š Š Š Š Š Š

Slatarich 20 Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š

Sorgo 21 Š 2 1 Š Š Š Š Š Š Š 1 Š Š Š Š Š Š Š Š 1 1 Š 1
Tudisi 22 Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š Š 1 Š Š

Zamagna 23 Š 1 Š Š Š Š Š Š 2 Š Š Š Š Š Š Š Š Š Š Š 1 Š Š
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A Symmetric-Acyclic Decompositionof the RagusanFamilies
Network
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Blockmodeling in 2-modenetworks
We alreadypresentedsomewaysof rearranging2-modenetwork matricesat the
beginningof this lecture.

It is alsopossibleto formulatethis goal asa generalizedblockmodelingproblem
wherethesolutionsconsistof two partitions— row-partitionandcolumn-partition.
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SupremeCourt Voting for Twenty-Six Important Decisions
Issue Label Br Gi So St OC Ke Re Sc Th
PresidentialElection PE - - - - + + + + +

CriminalLaw Cases
IllegalSearch1 CL1 + + + + + + - - -
IllegalSearch2 CL2 + + + + + + - - -
IllegalSearch3 CL3 + + + - - - - + +
SeatBelts CL4 - - + - - + + + +
Stayof Execution CL5 + + + + + + - - -

FederalAuthority Cases
Federalism FA1 - - - - + + + + +
CleanAir Action FA2 + + + + + + + + +
CleanWater FA3 - - - - + + + + +
Cannabisfor Health FA4 0 + + + + + + + +
UnitedFoods FA5 - - + + - + + + +
NY TimesCopyrights FA6 - + + - + + + + +

Civil RightsCases
Voting Rights CR1 + + + + + - - - -
Title VI Disabilities CR2 - - - - + + + + +
PGA v. HandicappedPlayer CR3 + + + + + + + - -

ImmigrationLaw Cases
ImmigrationJurisdiction Im1 + + + + - + - - -
DeportingCriminal Aliens Im2 + + + + + - - - -
DetainingCriminalAliens Im3 + + + + - + - - -
Citizenship Im4 - - - + - + + + +

SpeechandPressCases
LegalAid for Poor SP1 + + + + - + - - -
Privacy SP2 + + + + + + - - -
FreeSpeech SP3 + - - - + + + + +
CampaignFinance SP4 + + + + + - - - -
TobaccoAds SP5 - - - - + + + + +

LaborandPropertyRightsCases
LaborRights LPR1 - - - - + + + + +
PropertyRights LPR2 - - - - + + + + +

The SupremeCourt Jus-
tices and their `votes' on
a setof 26 “important de-
cisions” made during the
2000-2001term, Doreian
andFujimoto(2002).
The Justices(in the order
in which they joined
the SupremeCourt) are:
Rehnquist(1972),Stevens
(1975), O'Conner (1981),
Scalia (1982), Kennedy
(1988), Souter (1990),
Ginsburg (1993) and
Breyer (1994).
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Final Remarks
Thecurrent,local optimizationbased,programsfor generalizedblockmodelingcan
dealonly with networkswith at mostsomehundredsof units. Whatto do with larger
networks is an openquestion.For somespecializedproblemsalsoproceduresfor
(very) largenetworkscanbedeveloped(Doreian,Batagelj,Ferligoj, 1998;Batagelj,
Zaver�snik,2002).

Anotherinterestingproblemis thedevelopmentof blockmodelingof valuednetworks
or moregeneralrelationaldataanalysis(Batagelj,Ferligoj,2000).

Most of describedproceduresareimplementedin Pajek– programfor analysisand
visualizationof largenetworks. It is freelyavailable,for noncommercialuse,at:

http://vlado.fmf.uni- lj. si/p ub/ net wor ks/ paje k/

Thecurrentversionof theselecturesis availableat:

http://vlado.fmf.uni- lj. si/p ub/ net wor ks/ doc/

Theauthor's e-mailaddressis: vladimir.batagelj@un i-lj .si
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