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/ Matrix rearrangementview on blockmodeling \
Snyder & Kick' sWorld trade network / ,

Pajek - shadow 0.00,1.00 Sep- 5-1998 Pajek - shadow 0.00,1.00 Sep- 5-1998
World trade - alphabetic order World Trade (Snyder and Kick, 1979) - cores

-=-i-i__::ﬁi|:l Hi”"“”‘g” 111 Ig--. i i |__#

EL:=1
By
ol

2933 BE5E2z 8895888888 useriieianiiorrecryeo58s5E823880- 70 ezt rnrtiiananaiiniiaiisitisarn 550353382882 353 §29555e:32ab8a3589835usts P EE R TR PN E O L R PR e T S PR IRt E S I P PR TS EP PR TR LT PR EF NS EL E I S 3 )

£89539825532085835008350880280us-e880ianiiureccrusninntiinisse s Elecitifrararstinnay SRR EEEEENEEY SE R R T EL s¥B5ee823isgessabiniisgentuctoesePesniationinlsuilozdeutiniinsantarteiecsiitlondi-natassioasraisntatfos niofafars

k Alphabeticorderof countriesandorderingbasedon the coredecomposition /

University of Konstanz June2002



V. Batagelj: ClusteringandBlockmodeling 2/4

4 N

Ordering the matrix

Thereareseveralwayshow to rearrangea given matrix — determinean ordering or
permutationof its rows andcolumns—to getsomeinsightinto its structure:

orderingby degree;

orderingby connectecdomponents;

orderingby corenumber connectedomponentsnsidecorelevels,anddegree;
orderingaccordingto a hierarchicaklusteringandsomeotherproperty

Thereexistsalsosomespecialprocedureso determindgheordering.We shalldescribe
themon 2-modenetworks.

A 2-modenetworkis a network In which the verticesare partitionedinto
twosets and suchthateverylink connectsavertex from  to avertex from
(bipartitegraph).

\_ _/
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/Seriation

Givena2-modenetwork , ,

For arow-unit we de ne its row-sum

2.

andfor col-unit its col-sum

2.

and nally we de ne therow-weight andthe col-weight

— 2. — .
Q then f then

Let : bebijections(‘permutations’).

R .
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...seriation

Theseriationalgorithm:

determingrandom) ;

repeat
computerow-weights , ; sortdecreasing ;
computecol-weights , ; sortdecreasing ;

until orderingsstabilize(or max-stepseached)

In the caseof 1-modenetwork we set anduseasaunit-weight

\_ _/
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/Clumping \

Theideaof clumpingapproachs to arrangehe unitsin suchanorderthata measure

of 'clumpiness'is maximized. The orderingis built sequentiallyby greedyadding

a new unit at the bestplacein the currentorderingrepresentedtby a list containing
units andtwo 'sentinel' units . Insertinga

row-unit in thislist aftertheelement producegherow-'clumpiness'

2.

If we set . Theclumpingalgorithm

select(random) , .

while do begin
select ; ,
for to docompute :

insert in the after

N Y,
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...Clumping

In the sameway (transposéhe network) we canorderalsothe columns.

In the caseof 1-modenetwork we usethe combinedcriterion — sum of row- and
col-clumpiness.
Untesteddeal: subtracthe square®f valueswith no matchingvalue.

Untesteddea?2: for large networksit would be betterto designthe algorithmaround
thesets

\_ _/
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/ Blockmodeling asa clustering problem \

Thegoalof blockmodelings to reduce ’V@ £ 5

a large, potentiallyincohereninetwork

to a smaller comprehensiblestructure © ‘e "@ m

that can be interpretedmore readily K‘@! ‘\@

Blockmodeling,asanempiricalproce-

dure,is basedon the ideathat unitsin (pm)

a network canbe groupedaccordingto

the extentto which they areequvalent,

accordingto some meaningfulde ni- e ;

tion of equvalence. = o
a1 ppon

N /
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Cluster, clustering, blocks

Oneof the mainproceduraboalsof blockmodelings to identify, in a givennetwork
, , clustess (classespf unitsthat sharestructuralcharac-
teristicsde ned in termsof . The unitswithin a clusterhave the sameor similar

connectionpatternsto otherunits. They form a clustering
which is a partition of theset . Eachpartitiondeterminesan equvalencerelation
(andvice versa).Let usdenoteby therelationdeterminedy partition

A clustering partitionsalsotherelation into blodks

Eachsuchblock consistf unitsbelongingto clusters and andall arcsleading
from cluster tocluster . If , ablock Is calleda diagonalblock.

\_ _/
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Structural andregular equivalence

Regardlessf thede nition of equivalenceused therearetwo basicapproacheso the
equvalenceof unitsin agivennetwork (compareFaust,1988):

the equvalentunits have the sameconnectiorpatternto the sameneighbors;

the equivalentunits have the sameor similar connectionpatternto (possibly)
differ ent neighbors.

The rst typeof equvalences formalizedby the notion of structuralequivalenceand
the secondby the notionof regularequvalencewith thelattera generalizatiorof the
former

\_ _/
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Structural equivalence

Units areequvalentif they areconnectedo therestof the network in identicalways
(LorrainandWhite, 1971). Suchunitsaresaidto be structually equivalent

Theunits and arestructurally equivalentwe write , Iff the permutation
(transposition) IS anautomorphisnof therelation (BorgattiandEverett,
1992).

In otherwords, and arestructurallyequivalentiff:

sl. s3.
S2. sS4,

Theblocksfor structuralequvalencearenull or completewith variationson diagonal
In diagonalblocks.

\_ _/
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/Regular equivalence \

Integral to all attemptso generalizestructuralequvalenceis theideathatunitsare
equvalentif they link in equvalentwaysto otherunitsthatarealsoequwvalent.

White andReitz(1983): Theequvalencerelation on isaregular equivalencen
network if andonly if for all , impliesboth

R1.
R2.

Anotherview of regulareguvalences basedn colorings(Everett,Borgatti 1996).

Theorem4.1 (Batagelj, Doreian, Ferligoj, 1992) Let be a partition
correspondingo a regular equivalence onthe network . Theneadt
block Is eithernull or it hasthe propertythat there is at leastone 1 in

ead of its rowsandin ead of its columns.Corversely if for a givenclustering
ead blodk hasthis propertythenthe correspondingequivalenceelationis a regular
equivalence

Qhe blocksfor regularequvalencearenull or 1-coveredblocks. j
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GeneralizedBlockmodeling

A blodkmodelconsistsof structureob-
tainedby identifying all unitsfrom the
sameclusterof the clustering . For
anexactde nition of a blockmodelwe
have to be precisealso about which
blocks producean arc in the reduced
graph and which do not, and of what
type Sometypesof connectionsare
presentedh the gure onthenext slide.
The reducedgraphcanbe represented
by relationalmatrix, calledalsoimage
matrix. T7?

\_ _/
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/Block Types

complete row-dominant col-dominant

00 0%

regular row-regular col-regular

=8 0%

null row-functional col-functional

Aals

\_
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/Characterizations of Typesof Blocks

null
complete

regular
row-regular
col-regular
row-dominant
col-dominant
row-functional

col-functional
non-null

nul

com
reg
rre
cre
rdo
cdo
rfn

cfn
one

all 0
all 1

1-coveredrows andcolumns
eachrow is -covered
eachcolumnis -covered

all 1 row

all 1 column

I onelin eachrow

I onel in eachcolumn
atleastonel

L

exceptthis maybediagonal

Q blockis symmetriaff
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/Block Typesand Matrices

o O o o/ P Pk P

o OO o o/ P P P

O O O Ok kL R, B
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- ~ O b O O k- =
R, O b RP|O L O O
O B kP PO O Fr O

complete regular

null complete

Q
5
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position

Therefore

\_

IS

Formalization of blockmodeling

Let beasetof positionsor imagesof clustersof units. Let
mappingwhich mapseachunit to its position. The clusterof units

IS a partition(clustering)of the setof units

~

denotea
with thesame

_/
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/Blockmodel \

A blodkmodelis anorderedsextuple where:

IS a setof typesof units (imagesor representatesof classes);
IS asetof connections

IS asetof predicatesisedto describahetypesof connectionbetweerdifferent
classegclusters groups,typesof units)in a network. We assumehatnul
A mapping nul assigngredicateso connections;

IS a setof aveiaging rules A mapping determinegulesfor
computingvaluesof connections.

A (surjectve) mapping determinesblockmodel of network  iff it
satis estheconditions:

and

\_ Y,
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Equivalences

Let beanequvalencerelationover and . We saythat
Is compatiblewith  overanetwork iff

It is easyto verify thatthe notion of compatibility for nul reg reduces
to the usualde nition of regular equvalence(White and Reitz 1983). Similarly,
compatibility for nul com reducedo structuralequvalence(Lorrain and
White 1971).

For a compatibleequvalence the mapping determines blockmodel
with

The problemof establishinga partition of unitsin a network in termsof a selected
type of equivalences a specialcaseof clustering problemthatcanbeformulatedas
anoptimizationproblem.

\_ _/
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Criterion function

Oneof the possiblewaysof constructinga criterion functionthatdirectly re ects
the considerecegquvalenceis to measurghe t of a clusteringto anideal onewith
perfectrelationswithin eachclusterandbetweerclustersaccordingto the considered
equvalence.

Givena clustering , let denotethe setof all ideal
blockscorrespondingo block . Thentheglobalerrorof clustering can
beexpresseds

2.

wheretheterm measureshe difference(error) betweernthe block

andtheidealblock . is constructedn the basisof characterizations
of typesof blocks. The function hasto be compatiblewith the selectedype of
equvalence.

\_ _/
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/For example,for structuralequvalencetheterm canbe expresseh
for non-diagonablocks,as

2.

where Is the obsenredtie and IS the correspondingaluein anideal block.
This criterion function countsthe numberof 1sin erstwhilenull blocksandthe
numberof Osin otherwisecompleteblocks. Thesetwo typesof inconsistenciesan
beweighteddifferently

Determiningthe block error, we alsodeterminghetype of thebest tting idealblock
(thetypesareordered).

Thecriterionfunction IS sensitivaff (determinedy )isan
exact blockmodeling.For all presentedblock typessensitve criterionfunctionscan
beconstructedBatagel},1997).

The obtainedoptimizationproblemcan be solved by local optimization. Oncea
partitioning andtypesof connection aredeterminedwe canalsocomputethe

Qaluesof connectiondy usingaveragingrules. j
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Bene ts from Optimization Approach

~

ordinary / inductiveblockmodeling Givena network  andsetof typesof
connection , determinghemodel ;

evaluation of the quality of a model,comparingdifferent models,analyzing
the evolution of a network(Sampsordata,Doreianand Mrvar 1996): Given
anetwork , amodel , andblockmodeling , computethe corresponding
criterionfunction;

model tting / deductiveblockmodeling Givenanetwork , setof types , and
afamily of modelsdetermine which minimizesthecriterionfunction(Batagelj,
Ferligoj, Doreian,1998).

we can t thenetwork to apartialmodelandanalyzetheresidualafterward,;

we canalsointroducedifferentconstrainton the model,for example: units
and areof thesametype;or, typesof units and arenotconnected;..

_/
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Pre-Speci ed Blockmodels

The pre-speci edblockmodelingstartswith a blockmodelspeci ed, in termsof

the criterionfunction.

Thebasictypesof modelsare:

* * * O * 0 O *
* O * * O * * O

center- hierarcly clustering bipartition

periphery

\_

substanceprior to an analysis Givena network, a setof idealblocksis selecteda
family of reducedmodelsis formulated,andpartitionsareestablishedby minimizing

~

_/
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The Student Government at the University of Ljubljana in 1992

Therelationis determinedy thefollowing question(Hlebec,1993).

Of the membersandadvisorsof the StudentGovernment,whom do you
(mostoften)talk with (aboutthe mattersof the StudentGovernment)?

mp mmmmmma a a
1 2 3 45 6 7 8 9 1011
ministerl 1 1 1 1
p.minister 2 1
minister2 3 (1 1 1 1 1 1
minister3 4 1 1
minister4 5 1 1 1 1 1
minister5 6 1 1 1 1 1
minister6 7 1 1 1 1
minister7 8 1 1 1 1
adviserl 9 1 1 1 1
adviser2 10|1 1 1 1
adviser3 11 1 1 1

\_
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/A Symmetric Acyclic Blockmodel of Student Government \

The obtainedclusteringin 4
clusterdss almostexact. The
only erroris producedy the

arc : /
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RagusanNoble Families Marriage Network, 18th and 19th Century

1 2 3 4 5 6 7 8 9 101112 13 14 15 16 17 18 19 20 21 22 23

~

Basilio
Bona
Bonda
Bosdari
Bucchia
Cabo@
Cena
Geogi
Ghetaldi
Gondola
Goze
Gradi
Menze
Natali
Pauli
Poza
Ragnina
Resti
Saraca
Slatarich
Sogo
Tudisi
Zamagnha

CoONOUITrWN B

1
1 2 2 1
2
1 1
1
1 1 1 1 1
1 1 1 1
1 2 1 4 1
1 1 1 1 1
1
1 2 1 2 2 2 1
1 1 3
1 1 1
1
2 1 1 1
11 1 1
1 1
1
2 1 1 1 1 1
1
1 2 1
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/A Symmetric-Acyclic Decompositionof the Ragusan Families \
Network
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Blockmodeling in 2-modenetworks

We alreadypresentedsomeways of rearranging2-modenetwork matricesat the
beginning of this lecture.

It is alsopossibleto formulatethis goal asa generalizedblockmodelingproblem
wherethe solutionsconsistof two partitions— row-partitionandcolumn-partition.

\_ _/
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SupremeCourt Voting for Twenty-Six Important Decisions

Issue Label Br Gi So St ocC Ke Re Sc Th
PresidentiaElection PE - - - T + T T T
CriminalLaw Cases
lllegal SearchlL CL1 + + + + + + - - -
lllegal Search2 CL2 + + + + + + - . .
lllegal Search3 CL3 + + + - - - + +
SeatBelts CL4 + - + + + +
Stayof Execution CL5 + + + + + + - - R
FederalAuthority Cases
Federalism FAL - - - - + + + + ¥
CleanAir Action FA2 + + + + + + + + +
CleanWater FA3 - + + + + +
Cannabidor Health FA4 0 + + + + + + + +
United Foods FAS - + + - + + + +
NY TimesCopyrights FAG6 + + - + + + + +
Civil RightsCases
Voting Rights CR1 T + T T T - - - -
Title VI Disabilities CR2 - - - - + + + + +
PGAv. HandicappedPlayer CR3 + + + + + + + - -
ImmigrationLaw Cases
ImmigrationJurisdiction Im1 + + + + - + - - -
DeportingCriminal Aliens Im2 + + + + + - - - -
DetainingCriminal Aliens Im3 + + + + - + - - -
Citizenship Im4 - - - + + + + +
SpeectandPresLases
Legal Aid for Poor SP1 + + + + - + - N N
Privagy SP2 + + + + + + - - -
FreeSpeech SP3 + + + + + +
CampaigrFinance SP4 + + + + + - - . ;
TobaccoAds SP5 - - - - + + + + +
LaborandPropertyRightsCases
LaborRights LPR1 - - - - + + T ¥ n
PropertyRights LPR2 + + + + +

\_

~

The SupremeCourt Jus-
tices and their "votes' on
a setof 26 “importantde-
cisions” made during the
2000-2001term, Doreian
andFujimoto (2002).

The Justices(in the order
in which they joined
the SupremeCourt) are:
Rehnquist(1972), Sterens
(1975), O'Conner (1981),
Scalia (1982), Kennedy
(1988), Souter (1990),
Ginslurg  (1993) and

Breyer (1994).
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.SupremeCourt Voting / a (4,7) partition

CampaignFi
VotingRigh
DeportAlie
lllegalS.1
lllegalS.2
StayExecut
PGAvPIlayer
Privacy
Immigratio
LegalAidPo
CriminalAl
lllegalS.3
CleanAirAc
Cannabis
NYTimes
SeatBelt
UnitedFood
Citizenshi
PresElecti
Federalism
FreeSpeech
CleanWater
TitlelV
Tobacco
Laborlssue
Property

.

Rehnquest
Thomas
Scalia
Kennedy
OConner
Breyer

Ginsburg
Souter
Stevens

June2002

upper— conserative / lower — liberal
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/ Final Remarks \

The current,local optimizationbased programdgor generalizedlockmodelingcan
dealonly with networks with at mostsomehundredf units. Whatto do with larger
networks is an openguestion. For somespecializedoroblemsalso proceduregor
(very) large networks canbe developed(Doreian,Batagelj,Ferligoj, 1998; Batagel,,
Zaversnik, 2002).

Anotherinterestingproblemis the developmentof blodkmodelingof valuednetworks
or moregenerakelationaldataanalysis(Batagelj,Ferligoj, 2000).

Most of describedorocedureareimplementedn Pajek— programfor analysisand
visualizationof large networks. It is freely available,for noncommercialise,at:

http://vlado.fmf.uni- j. si/p ub/ net works/ paje k/
Thecurrentversionof thesdecturess availableat:

http://vlado.fmf.uni- j. si/p ub/ net works/ doc/

Qhe authors e-mailaddresss: viadimir.batagelj@un I-lj .S j
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